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Abstract

A classical result of Helly [Hel23] asserts that if £ = {K},... K} is a finite family of
convex sets in R? such that Nie;K; # 0 for all I C [n] of cardinality || < d + 1, then
N, K; # (0. Helly’s theorem and its many extensions and generalizations form a central
area of study in discrete geometry and its applications. A key ingredient that plays an
important role in a variety of Helly type theorems is the notion of d—collapsibility. Let
X be a simplicial complex. Pick 0 € X | assume that |o| < d and that it is contained
in a unique facet 7. An elementary d—collapse is the operation X ﬂ X — [o,7]
where [0,7] = {f € X : 0 C f C 7}, see for example Figure 3.1. We call a complex X
d—collapsible if there exists a series of d—elementary collapses from it to (). Denote the
collapse by X 3 0, and by C (X) = mingey {X 4 (7)}. Recall that given K a family of
sets, the nerve of I, denoted by N (K), is the simplicial complex with the vertex set
K, whose faces are f C K such that pep I # (). The link between d—collapsibility
and convexity is the following key result of Wegner [Weg75]: If K = {Kj,...,K,} is a
family of convex sets in R?, then N (K) is d—collapsible. Another central notion which
is discussed in [Weg75] is the Leray number. Let the Leray number £ (X) of X be the
minimal d such that H; (Y,R) = 0 for all induced subcomplexes Y € X and i > d. In
[Weg75] Wegner showes that C (X) > £ (X) for any complex X.

In this thesis we study various aspects of d—collapsibility and their applications. In
[MKO07] Kalai and Meshulam show that given any two simplicial complexes X,Y the

following inequalities hold:

L(X
L(X

IN

(Y)

nNY)<C”, +
uY)<L(Y)+
We try to reproduce their results for d—collapsibility. For the intersection inequality
we show that:

Theorem 4.2. Let X,Y be simplicial complexes, then

C(XNY)<C(Y)+C(X).

For the union inequality we get a more restricted result. Recall that the star of the
face f € X is the subcomplex St (f, X) ={o € X : fUo € X}. A simplicial complexes



X with the vertices V' is d—star-collapsible if there exists is an order with the vertices
V = {v;};_, for which, denoting X; := X [{vj}?:i}, there is a d—collapse

X; % St (v, Xi) S 0.

With this new definition we are able to show:
Theorem 4.3. Let X,Y be simplicial complexes. If Y is C (Y') —star-collapsible then

C(XUY)<C(Y)+C(X)+1.

Finally we turn our discussion to a question posed and solved by Vorob’ev in [Vor62]:
Let X be a simplicial complex with the vertex set V. For each v € V let (5’1,, 25”)
be a finite measurable space. Denote S = [],cy Sy. For any 7 C V let (S,B;) be a

finite measurable space, where:

BT:{AX H Sy ACHSU}.

veV\r ver

Denote by u, a probabilty measure on (S, B;). The probability measures pr, and pr,
are consistent if for any A € B, N Bs,, pr, (A) = pir, (A). We call a family of probabil-
ity measures {/i;} .y a consistent family if each two are. We call the family {s,} .y
extendable if there exists measure p on (5, By) which is consistence with any p, for
7 € X. The question Vorob’ev posed and solved in [Vor62] is: whether a consistent
family of probabilty measures on a simplicial complex is necessarily extendable? His
solution is:

Theorem 5.1. (Vorob’ev [Vor62]) A simplicial complex X is 1—collapsible if and only

if any consistent family of measures {jr}, 5 on X is extendable.

Since the notion of d—collapsibility did not yet exists when Vorob’ev wrote his
paper, his original work used other concepts. Our contribution is translating his work
into d—collapsibility ’language’ and giving a small extension to his work due to the

translation.






Abbreviations and Notations

the real numbers

the natural numbers

the set {1,2,...,n}

the collection of all subsets of size k of the set V'
the collection of all subsets of the set V'

the subtraction of set B from the set A

the convex hull of A

the subtraction of the family of sets Y from the family of sets X
the neighbors of the vertex v

the subgraph of G induced by A

the intersection graph of the family F

the is a path ~ from vertex u to v

the collection of all k-dimensional simplices of the complex X
the k-dimensional skeleton of the complex X
the dimension of the simplex o

the dimension of the complex X

the subcomplex of X induced by U

the star of the simplex ¢ in the complex X

the link of the simplex ¢ in the complex X

the join of the complexes X and Y

the intersection of the complexes X and Y

the union of the complexes X and Y

X is isomorphic to Y

the k—th homology of X

the nerve complex of the family F

the n—simplex on vertex set [n + 1]

the boundary of the n—simplex

the clique complex of the graph G

the set interval, {A: 0 C AC 7}

the elementary collapse of ¢ in 7, from X to X,
A d—collapse from X to Y

the d— representability of X

the d— collapsibility of X

the d— the Leray number gf X

the family of all d—representable complexes

the family of all d—collapsible complexes

the family of all d—Leray complexes



Chapter 1

Introduction

Let us start by describing three types of graphs. Let F be a non empty family of sets.
The intersection graph of F, which we will denote by G (F), is the graph whose vertices

are the sets in F, and there is an edge between two sets if and only if they intersect, i.e
E = {{51,52} 251 NSy # @}

Note that any graph is isomorphic to some intersection graph. The second type of
graphs, called interval graphs, are intersection graphs for a family of intervals in R.
The third type of graph is a chordal graph. We call a graph chordal if every cycle of
length greater than 3 possess a chord (an edge between two of its vertices which is not
a part of the cycle). A nice result by Lekkerkerker & Boland [LB62] gives us:

Lemma 2.2.5. (Lekkerkerker & Boland [LB62]) Interval graphs are chordal.

On the other hand, not all chordal graphs are interval graphs, an example can be

found in Figure 2.2.

Chordal graphs have many equivalent definitions, one of which will be important

for our discussion. For this we first need a couple of definitions:

Let G = (V,E) be a graph. For A C V, denote by G [A] the subgraph of G
induced on the vertices A. A vertex v € V is called simplicial if its neighborhood
N ) :={ueV:(v,u) € E}is a clique. Let V = {v;}!" | be an order on the vertices
of G. We call this ordering a perfect elimination order if vj, for any j € [n], is a sim-

plicial vertex in the graph G {{vz}?: ]}.

Proposition 2.2.4. (Fulkerson & Gross [FG65]) G is chordal if and only if it possesses

a perfect elimination order.

The importance of this characterization of chordal graphs will become clear soon.

The question which we will discuss now is: Are there higher dimensional extensions



for the three types of graphs described above? To answer this we first need to define
the notion of higher dimensional extension to graphs.

An abstract simplicial complex, or simply a simplicial complex, on a finite vertex
set V, is a family X C 2V such that if 7 € X and ¢ C 7 then o0 € X. Aset 0 € X
is called a face. Inclusionwise maximal faces are called facets. Note that a simplicial
complex is determined by its facets. The dimension of 0 € X is dimo = |o] — 1
and dimX := max {dimo: 0 € X}. Let X (i) := {0 € X : dimo =i} and let X() =
U,<i X (j) denote the i—skeleton of X.

Now we are ready to define the high dimensional extensions. We begin with the
intersection graphs. Let F be a family of sets. The nerve of F, denoted by N (F), is the
simplicial complex with the vertex set 7, whose faces are f C F such that (pcp F # 0.
Note that the underline graph N (F )(1) of the nerve is exactly the intersection graph
of F,ie. (N(F NW = G (F). Like in the case of intersection graphs, any simplicial
complex can be realized as the nerve of some family.

Recall that we obtain an interval graph by taking an intersection graph of a family
of intervals in R. Note that an interval in R is a convex set in R. So for the extension of
interval graphs we will take the nerves of a family F of convex sets in R?. Such simplicial
complexes are called d—representable. Denote by K¢ = {X : X is d-representable}. We

get an important property of d—representable complexes from Helly’s theorem [Hel23].

Theorem 3.2. (Helly) Let K1, Ko, ..., Ky, be convex sets in RE. If N;c; Ki # 0 for
any I C [m] of size [I| < d+1, then ;g Ki # 0.

We get that d—representable complexes are completely determined by their d—skeleton.
In order to extend the notion of chordal graphs we will want to find a family of
simplicial complexes that extend one of its characterization, and contains the family of
d—representable complexes. Lets start with the characterizations, the one we want to
extend is the perfect elimination.
A face 0 € X is called free if it is contained in a unique facet of X. An elementary
d—collapse in X is the operation X — X — [0, 7] where o € X is a free face contained

in the unique facet 7 € X, and |o| < d, and where
[o,v|={veX:cCvCrT}.

For an example of elementary d—collapse see Figure 3.1. A d—collapsing of X to a

sub-simplicial complex X', denoted by X &L xr , is a sequence :
X=X 2Xo— - =X;1—> X=X,
where X; — X;11 = X — [0y, 7] is an elementary d—collapse. Let

C (X) :=min{d: X is d—collepsible to 0},



and denote the family of all d—collapsible complexes by C%. Note that, for any complex
X, C(X) < dim(X)+1, hence if a complex is finite so is its collapsibility number C(X).

As for the second part of the extension of chordal graphs we have:

Theorem 3.6. (Wegner [Weg75]) Let K be a finite family of convex sets in R?,
then N (K) is d—collapsible.

The inclusion K¢ ¢ C¢ is strict. Tancer and Matousek showed in [MT09] that for
any d € N, there exists a simplicial complex X such that X € C? but X ¢ K241,

Another family of simplicial complexes that arises in [Weg75] is the d—Leray family.
Denote by Hj (X,R) the reduced k—th homology of X. A simplicial complex X is
d—Leray, denoted by X € £¢, if for all induced subcomplex Y € X we have

H;(Y,R)=0
for any ¢ > d. The Leray number of a given complex is
L(X)=min{d : Xis d—Leray}.
This family is of interest to us because:

Theorem 3.8. (Wegner [WegT75]) Any simplicial complex which is d—collapsible is
also d—Leray, i.e. C* C L¢.

For d = 1 we get that C' = £! but the inclusion is strict for d > 2. Moreover in
[MTO09] the authors construct a family of simplicial complexes for which C (X) = 3d
but £ (X) = 2d.

We now move our discussion to properties of d—collapsible complexes. In [MKO07]

it is shown that:

Theorem 1.1 (Meshulam & Kalai [MKO07]). For any pair of simplicial complezes X,Y :
e LIXNY)<SL(X)+L(Y)
e LIXUY)<L(X)+L(Y)+1

Since C? C £% it is a natural question to ask whether this inequalities persist for
d—collapsible complexes as well. And this is exactly where our contribution starts.

For the intersection part of Theorem 1.1, we got:

Theorem 4.2. For X,Y simplicial complezes

C(XNY)<C(X)+C(Y).



An interesting application of the previous proposition is: Recall that for a pair of
simplicial complexes X, Y with the vertex sets Vx, V3 respectively. The join of X and

Y is the simplicial complex with the vertex set Vx W Vy,

X*Y = {JXUay€2VXL+JVY:JXGX,aer}.

Proposition 4.2.3. Given X and Y simplicial complexes, then

C(X+Y)<C(X)+C(Y). (1.1)

Surprisingly, the other direction of (1.1) is not trivial, and unfortunately unknown
to us.

For the union part of Theorem 1.1, we unfortunately were unable to show that it
translates to d—collepsibilty. But we were able to show a weaker version of it.

Recall that a star of a face f in the simplicial complex X is the subcomplex
St(f,X) ={oceX:fUoeX}. X is d—star-collapsible if it has an order on the

vertices V' = {v;};"_; for which, denoting X; := X [{vj}?:i}, there is a d—collapse
Xz' «i St (’UZ', XZ) “i @

The relation between the family of d—star-collapsible simplicial complexes and d—collapsible
complexes is not fully understood. What we do know is that for any d, a d—star-

collapsible simplicial complexes is d—collapsible and for d = 1:

Lemma 4.5.2. Let X be a 1-collapsible simplicial complex on V. Then X is

1—star-collapsible.

For d > 2 the we currently do not know but we strongly believes that:
Conjecture 1.0.1. A d—collapsible complex X is d—star-collapsible

Using d—star-collapsibility we were able to get:

Theorem 4.3. Let X,Y be simplicial complexes. If Y is C(Y') —star-collapsible,
then:
C(XUY)<C(X)+C(Y)+1.



Denote by A,, the (n — 1) —simplex. An interesting property of d—star-collapsibility
which is in the heart of the proof of Theorem 4.3 is:
Proposition 4.3.2.  Let X be a simplicial complex with vertices set V. If X is
d—star-collapsible, than there is a (d + 1)-collapse Ajy_; & x.

For d =1 we got a bit more:
Proposition 4.5.4. Let X be a simplicial complex with the vertices V. X is 1-
collapsible if and only if there is a 2-collapse Ay|_y 2 X,

The last thing we want to discuss is an application of d—collapsibility:
Let X be a simplicial complex with the vertex set V. For each v € V let (S,, By)
be a finite measurable space. Denote by S := [[,cy Sy. For any 7 C V let (S, B-) be a

finite measurable space, where:

BT—{AX I1 s : AGJ<HBU>}.

veEVA\T veT

Denote by pr a probability measure on (S, B;). The probability measures p,, and pr,
are called consistent if pr, (A) = pr, (A) for any A € B, N B,,. We call a family of
probability measures {1, } x a consistent family if its measures are pairwise consistent.
We call the family {4}, .y extendable if there exists measure p on (S, By) which is
consistence with any p, for 7 € X.

We are interested in giving restrictions on the simplicial complex X such that we
would get that any consistent family {x}, . x is extendable. Vorob’ev showed in [Vor62]
that:

Theorem 5.1. (Vorob’ev [Vor62]) A simplicial complex X 1is 1—collapsible if and
only if any consistent family of measures {jir} .5 on X is extendable.

Actually when Vorob’ev wrote his paper the notion of d—collapsibility did not exist
yet. So we ’translated’ the paper to 'modern language’, and got a small extension to
his ideas. Let Y be a subcomplez of X with a consistent family of measures {fir} cy-.
We say that the family {y,}, oy is extendable to X if there exist a consistent family of

measures {v;} such that v, = p, for any o € Y. We show that:

TeX"
Proposition 5.2.3. Let XY be simplicial complexes. If X Y then any consistent

family of measures on Y is extendable to X.

Combining Proposition 4.3.2 and the previous proposition we obtain one direction
of Theorem 5.1.

The thesis is organized as follows:

Chapter 2 contains the discussion about intersection, interval, and chordal graphs.

It includes a proof that interval graphs are chordal, and a theorem characterizing



chordal graphs.

Chapter 3 contains high dimensional ’extensions’ to the first chapter. We give an
introduction to simplicial complexes, and define nerve complexes, d—representability,
d—collapsibility and d—Leray. We show the inclusion between the last three classes
and some of their properties.

Chapter 4 is concerned with trying to prove Theorem 1.1 for d—collapsible com-
plexes. We start by showing some known properties of d—collapsible complexes. Then
we turn to show the intersection part of the Theorem 1.1, with which we show Propo-
sition 4.2.3. We define d—star-collapsibility, which we later use to prove a weaker
version for the union part of Theorem 1.1. We show that there is reason to be-
lieve that d—collapsible complexes are d—star-collapsible, And finish with showing that
1—collapsible complexes are 1—star-collapsible

Chapter 5 is dedicated to representation of the Theorem 5.1 in 'modern language’,

and providing a small extension of it.
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Chapter 2

Graphs

2.1 Interval Graphs

Let F be a non-empty family of sets. The intersection graph of F, which we will denote
by G (F), is the graph whose vertices are the sets in F, and there is an edge between

two sets if and only if they intersect, i.e.
E = {{51,52} €F2 : 51 NSy #@}

Any graph G=(V, E), can be realized as an intersection graph of a family of sets. For
example, for any u € V let Sy, be the set of all edges e € F containing u. Then the map
v — S, is an isomorphism of G and G ({Su},cy ). Another, more efficient (in the sense
of smallest size of |U,cySy|), construction was given in [EGP66], where |Ugey S| < @
In view of the fact that any graph is an intersection graph we can try to look at specific
types of families of sets to get more interesting results. For example, an interval graph
is an intersection graph for a family of intervals in R, e.g the graph in Figure (2.1).

This class of graphs, as well as its extensions, have been well studied, see e.g.

T

Figure 2.1: Interval graph example

11



[Eck93, FG65], and has multiple applications in biology [CS78, ZSF194], computer
science [BNBYFT01], etc. An alternative characterization for interval graphs is given

by the following lemma:

Lemma 2.1.1. G is an interval graph if and only if its maximal cliques can be ordered
as {Ci}2,, such that C;NC; C Cy forany 1 <i<k<j<m

Proof. First, assume that G = (V,E) is an interval graph. Let F = {I,}, .y be a
family of intervals, such that G (F) = G. Notice that if C' # C” are maximal cliques in

G then:
(ﬁ L,)m(ﬂ I,,) =0.
veC vec!

Since otherwise either C' or C’ wouldn’t have been maximal. Hence, we can order the
maximal cliques, C1,...,Cy,, according to M (C;) := min (ﬂveCi Iv), 1 < j if and only
if M (C;) < M (Cj). Let 1 <i<k<j<n. IfveC;nCj, then [M (C;), M (Cy)] C L.
Since M (C;) < M (Cy) < M (Cj) it follows that M (Cy) € I,, and the maximality of
C} implies that v € C}.

Conversely, assume that there is an ordering on the maximal cliques {C;};~, of G,
such that C; N C; C Cy, for 1 <7 < k < j < n. For each v € V consider the interval

I, = min{i:v e C;} ,max{j: v € C;}].

Denote G = G ({I,},cy). We claim that G = G. Let f : V — {I,} o where
f(v) =1,, fis 1-1 and onto. We are left to show that any edge in G is mapped to an
edge in G. Now, on one hand for any (u,v) € E, there exists a clique C; which contains
it. Thus i € I, N I, which gives us that (f (u),f(v)) € E. On the other hand, if
(u,v) € E then I, NI, # 0. Since for every interval both of its boundaries are integers,
any intersection is an interval with its boundary’s being integers. Hence there exists an
integer i € I, N I, which tells us that u,v € C; and therefore (f~! (u), f~!(v)) € E.

Hence f is an isomorphism and G = G. |

2.2 Chordal Graphs

Another interesting class of graph, is the one of chordal graphs. A graph G = (V, E) is
called chordal if every cycle of length greater than 3 possess a chord, an edge between
two of its vertices which is not part of the cycle, for example see Figure 2.1. The notion
of chordality has several equivalent definitions. We aim to describe some of them in the
following discussion. First, a small but useful observation that will help us later on.
Given G = (V,E) and S C V the induced subgraph on S is G [S] = (S, E (S)) where
E(S):={ecSxS:ecE}.

Claim 2.2.1. If G is chordal then for any S C V its induced sub graph G[S] is also
Chordal.

12



e

e
G, Chordal G, Not chordal

Figure 2.1: Chordal graph example

Proof. Any cycle |C| > 3 in G’ also exists in GG, and therefore has a chord e in G. As
both ends of the chord e are in S, it follows that e is a chord for C' in G’. |

Let G = (V.E) be a graph, and let a,b € V. An a — b separator is a subset S C V such
that a,b ¢ S and a and b belong to two different connected components of G[V — S].
An a — b separator is minimal if there is no proper subset S’ C S such that S’ is a
a — b separator. For example, in Figure 2.1 the minimal ¢ — f separator in G; and
G+ are, respectively, {d} and {d,g}. The following is a result of Dirac [Dir61], is a

characterization of chordality:

Proposition 2.2.2 (Dirac [Dir61]). G is a chordal graph if and only if every minimal

a — b separator induces a clique in G.

Proof. Let G = (V, E) be a chordal graph, a,b € E and S C V a minimal a—b separator.
If |S| < 2, it is either an empty set or a single vertex and hence a clique or it dosent exist.
Hence we assume that |S| > 2. Let A, B be the connected components of the vertices
a, b respectively in G [V'\S]. By the minimality of S, for any x,y € S there is a minimal
pathpsa = [ — a1 — -+ — a; — y] where a; € A, since there is a path from both x and
y to a. Similarly there is a minimal path P = [y — b; — --- — bs — x| where b; € B.
Combine both paths togetacycleC =[xz - a; — - > a -y —> by — -+ = bs — z].
Since G is chordal and the length of the cycle is grater than 4, there exists a chord in
C. There can not be an edge between (a;, b;) since they are separated by S. By the
minimality of P4 and Pp, the graph G contains no edges of the form:

{xaai}ai > 17 {aiay}vi < ta

{y’bl}vl > 1a {bl’x}al <s;

{zi, 25} Avi oyt 17— >1
It follows that the chord is {z,y}. As this holds for any z,y € S, it follows that S is a
clique.

Now, let G be a graph where every minimal a — b separator induces a clique. For a

cycle [vg > a — vy — -+ = vy — b with ¢ > 1. Any a — b separator must contain at

13



least two vertices from this cycle for which their edge is not part of the cycle, but the

would mean that there is a chord in the cycle. And hence G is chordal. |

A vertex v of G = (V, E) is called simplicial if its neighborhood N (v) := {u € V : (v,u) €

is a clique. Dirac showed in [Dir61] that a chordal graph always has a simplicial vertex:

Lemma 2.2.3 (Dirac [Dir61]). Every chordal graph G = (V, E) has a simplicial vertex.

If the graph is not the complete graph, it has two nonadjacent simplicial vertezes.

Proof. Let G be a chordal graph. We show this lemma by induction on |V]. For |[V| =1,
G is just a vertex and we are done.

Let |V| = n and assume we showed the lemma for any |V| < n. On one hand, if
G is a complete graph then any vertex is simplicial. On the other hand, if G is not
complete there are at least two nonadjacent vertices, denote them by a,b € V. Let
S C V be a minimal a — b separator. Denote by A, B the connected component of a, b
in G [V'\ 5] respectively. By Claim 2.2.1 the induced graph on G [S U A] is chordal. By
induction G [S U A] either has two nonadjacent simplicial vertices which means that at
least one of them is not in S. Else, G is a complete graph and then all of its vertices
are simplicial and again and at least one of them is not in S. Denote the simplicial
vertex which is not is S by v4. Note that v4 is also a simplicial vertex in G, since
its neighborhood is the same in G and in G [S U A]. The same procedure on G [S U B]
produces another simplicial vertex vg € B/S. Since both v4 and vp are not in S it
follows that they are not adjacent and therefore we have two nonadjacent simplicial

vertexes. [

Given a graph G = (V,E) and an order on the vertices V = {v;};_;. We call this
ordering a perfect elimination order if vj, for any j € [n], is a simplicial vertex in the
induced graph on {vi}?:j. For example, in Figure 2.1 G; has a perfect elimination
order [g, f,e,c,d,b,a]. Gy however does not have one. Accordingly to this definition

we get another characterization of chordality by Fulkerson & Gross [FG65].

Proposition 2.2.4 (Fulkerson & Gross[FG65]). G is chordal if and only if it possesses

a perfect elimination order

Proof. Assume that G = (V, E) is chordal. We argue by induction on |V| that G has a
perfect elimination ordering. The case |V| =1 is clear.

Now assume that |V| = n > 1. Since G is chordal by Lemma 2.2.3 we know that
there is a simplicial vertex v € V' | which means that N (v) is a clique. According to
Claim 2.2.1, the graph G [V — {v}] is a chordal graph, with n — 1 vertices, which by
induction has a perfect elimination order [uy,ug,...up—1]. Thus [v,u1, ug, ... uy_1] is
an elimination order for G.

For the other direction, assume that vq,...,v, is a perfect elimination order of G.

We prove by induction on |V| that G is chordal. The case |V| =1 is clear.

14



Figure 2.2: Chordal graph but not Interval

Assume that |V| = n > 1. By induction we know that G [{v};",] is a chordal graph.
It remains to show that any cycle C, with length greater than 3, has a chord. If v; ¢ C
then it has the came chord as in G [{v};_,]. If v € C, let u,w be the neighbors of v,
in C. As v; is a simplicial vertex it follows that {u,w} € E, thus C has a chord. W

We make a quick stop from the characterization of chordality. In order to talk about

the connection of Interval graphs and chordality.
Lemma 2.2.5 (Lekkerkerker & Boland[LB62)). Interval graphs are chordal

Proof. We show the lemma by induction on |V| =n. For n =1 it is clear.

Let G = ([n], E) be the interval graph associated with the intervals
Il = [al,bl] ,...,In = [an,bn] .

Choose 1 <i < nsuch that a; = max {a; : j € [n]}. We claim that v; := i is a simplicial
vertex in G. Indeed, let k,l € N (i), then Iy N I; # 0 and I; N I; # (). By the choice of i,
it follows that a; € I N I; and thus {k,l} € E. Thus N (i) is a clique. As G [[n]\ {i}]
is still an interval graph it follows by induction that it has an perfect elimination order

V2, ...,Un. Therefore vy,...,v, is a perfect elimination order of G. |

Note that, the inclusion in Lemma 2.2.5 is strict, i.e. there are chordal graphs which
are not interval. For example, see the graph G in Figure 2.2. On one hand, there
are no cycles so clearly G is chordal. On the other hand, If we look at the intervals
I,Ul,1,Ul, and I. U1, they can not intersect since there are no edges between these
vertices. None of them is contained in I, but all of them intersect with I.. Hence
each of them contains at least one of the boundary points of I.. But since there are 2
boundary points in I. there are at least two of them containing the same point. But

that would mean that they would have an edge in the graph which they do not.

Coming back to characterization of chordal graphs. Since any graph is an inter-
section graph, one can ask whether there is a nice class of families for which their

intersection graphs are exactly the chordal graphs.
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Figure 2.3: Sub-graph tree

A sub-tree graph is the intersection graph of a family F of sub-trees of some tree T,
i.e.:
F C {TCT:Tisatree}.

For example see Figure 2.3. In [Gav74] Gavril showed that sub-tree graphs and chordal

graph are one and the same. But first a small lemma that will help us later:

Lemma 2.2.6 (Gavril (Gav74]). Let {C;}!", be the mazimal cliques of the graph G =
(V,E). G is a sub-tree graph if and only if there exists a tree T with vertices {Ci};_,
such that for any v € V the induced subgraph T [C'], where C' := {C; :v € C;}, is

connected.

Proof. Assume that G is a sub-tree graph, hence there exist a family of sub-trees F =
{T,},cy of a tree T such that G (F) = G. Denote the maximal cliques if G by {C;}";.
For any maximal clique C; in G note that S; := N,cc, Tv # 0 and that S;N S; = 0
for any j # i. Pick a vertex v; € S; for any ¢ € [n]. Now let T = ({C;};_, , Ec) be
a graph, where the edge (Cj,C;) € E¢, if and only if there exist simple path v; NS v;
in T such that s N~y = 0, for any k # 4,j. T¢ is a tree since a cycle in T induces a
cycles in T'. For any C;,C; € C* and u € V, there is a simple path v between any v;
and v; in T, and hence there is a path between C; and C; in T¢ [C"].

Now, assume that there is a tree T¢ on the vertices {C;};" |, such that T'[C"] is
connected for any v € V. Pick the family F = {C":v € V} of sub trees in T, and
let G’ := G (F) be the sub-tree graph. We now show that the map v — CV is an
isomorphism. Since it is 1-1 and onto all that is left to show is that any edge {v,u} is
in G if and only if the edge {C?,C"} is in G’. On one hand, for any edge in G’, {C",C"},
we know that CY N C" # (). Hence for some k € [n], there exists a maximal clique C
for which which v, u € Cy, therefore {u,v} € E. On the other hand if (u,v) € E, then
there is a maximal clique C that contains both of them, but that would mean that
C'NC" # 0 and hence {C,,C,} is an edge in G’'. Therefore G = G (F) and hence G is
a sub-tree graph. |

Proposition 2.2.7 (Gavril [Gav74]). G is a chordal Graph if and only if G is a sub-
tree graph.
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Proof. Let G = (V, E) be a sub-tree graph i.e. GG is an intersection graph of a family
of sub-trees F = {T},cy of a tree T. Assume for contradiction that G is not chordal,

hence we have a chordless cycle C with |C| =n > 4. Denote the cycle by:
C=v —>vy— - = Up_1— Up.

Now pick 21 € T,,, NT,, # 0. Since T,,,nT,, # 0 there exists a simple paths which lies
entirely in 7, from z; to any vertex in T,,~T,. Pick zo € T},,nT}, with the shortest
path 21 % zo. Similarly we get a vertex x; € T,, and z; S Z(i+1) mod n Where the

entire path lies entirely inside 7;,. Combining all the paths we get, the path v € T

vi=a B B zp S, B oa
For any |i — j ( mod n)| > 2 the paths 7; Ny; = 0 since otherwise there would have
been a chord in C'. We get that v is a cycle in T, which is a contradiction to T being
a tree.

Now on the other hand assume that G = (V, E) is chordal. We argue by induction
on the size of |V| that G is sub-tree graph. For |V| = 1, it is clear. Let |V| = n and
assume we already proved the claim for |V| < n. From Lemma 2.2.3 there is a simplicial
vertex v € V. From Lemma 2.2.1 the graph G’ := G [V'\ {v}] is chordal, as a induced
subgraph of a chordal graph G. Since |V'\ {v}| = n —1 by the induction hypothesis we
know that G’ is sub-tree graph. From Lemma 2.2.6 there is a tree T' = ({C;}.; , Er),
where C; are maximal cliques in G’ and for any C* := {C; : u € C;} the induced tree
T [C"] is connected for any u € V/ {v}. Denote by S = Ng (v) U{v}. We now split the

proof to 2 cases:

1. N (v) is a maximal clique in G': Without loss of generality assume that C; =
N (v). Denote by T' = (V,ET) where the vertex set is V = S U {C;}/", and
e € Erifand only e € Er or if e = {S,C;} and {C1,C;} € Er. We get a tree
for which any u € V\ {v} T'[C"] is connected, since T is. T'[C] is a graph on one

vertex hence also connected. Therefore by Lemma 2.3 G is a sub-tree graph.

2. N (v) is not a maximal clique in G’: Since N (v) is not a maximal clique in
G’ there is a maximal clique containing it without loss of generality assume it
is C;. Denote by T' = (V,ET> where the vertex set is V = S U {C;}2, and
E:= EU{{S,C1}}. We get a tree that for any u € V\N (v) T'[C"] is connected
since T is. For any u € N (v), T [C"] is connected since it is a sub tree of 7" with
an extra edge {C1, S}, and T'[C?] is a graph on one vertex hence also connected.

Therefore by Lemma 2.3 G is a sub-tree graph. ]

Summarizing the results of this section we state the following theorem:
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Theorem 2.1. Let G = (V, E) be a graph, then the following are equivalent:
1. G is a chordal graph,
2. FEvery minimal a — b separator in G induces a clique,
3. G has a perfect elimination order,

4. G is a sub-tree graph.

18



Chapter 3

Higher dimensions

3.1 Simplicial Complex & Nerves

In this chapter we introduce high dimensional extensions of some of the graph theo-
retical concepts considered in chapter 2. We first define the high dimensional analogue
of a graph. An abstract simplicial complex, or simply a simplicial complex, on a finite
vertex set V, is a family X C 2V such that if 7 € X and ¢ C 7 then o € X.

A set 0 € X is called a face. Inclusionwise maximal faces are called facets. Note
that a simplicial complex is determined by its facets. The dimension of ¢ € X is
dimo := |o| — 1 and dimX := max {dimo : 0 € X}. Let X (i) := {0 € X : dimo =i}
and let X0 = U,<; X (j) denote the i—skeleton of X. The (n — 1) —simplex with the
vertex set V = [n] is the simplicial complex A,,_; := 2. Its boundary is 0A,_; =
{o C [n]: 0 # [n]}. The simplicial complex Y is a subcomplex of X if Y C X. For
AcCV,let X[A] ={0 € X :0 C A} be the induced subcomplex of X on the vertex set
A.

The star of a face f € X is the subcomplex:
St(f,X)={ceX:fUoeX},
and the link of a face f € X is the subcomplex:

Lk(f,X)={ceX:fUoceX, fno=0}.

We next define the high dimensional extension of intersection graphs. Let K be a
family of sets. The nerve of K, denoted by N (K), is the simplicial complex with the
vertex set K, whose faces are f C K such that Npe, ' # (), see for example Figure 3.1

Note that the underline graph N (IC)(I) of the nerve is exactly the intersection graph
of K, ie. (N(K)W =G (K).

Any simplicial complex X C 2V can be realized as the nerve of some family K. For
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Figure 3.1: Nerve of the family K

example, for any v € V let
K,={f:vef; fisafacet of X}

and let K = {K,} Then the map v — K, is an isomorphism of X and N (K).

veV:
We briefly recall the definition of simplicial homology. For a detailed account, see
e.g. Chapter 2 in [Hat01].

Let X be a simplicial complex and let F be a fixed field. The space of k—chains
of X over F, denoted by Cj (X,TF), is the vector space with generators [vg, .., v;] where
{vo, .., v} € X (k), modulo the relations

([UW(O), ...,Uﬁ(k)} = sgn (7'(') [UOa '--aka >

where 7 is any permutation on V' and sgn (m) is it’s parity. Let 0y : Ck (X,F) —
Ck—1(X,F) be the boundary homomorphism, which is defined on the generators of
C (X,F) as follows:

k
8k ([UU, ceey Uk]) = Z (—1)Z [1)1, vy Ui—15 Vi1 e v vy Uk] .
i=0

1

Let Zy := ker 0y C Ck (X, F) be the space of k—cycles. Let By = Ox11 (Cr11 (X, F)) be
the space of k—boundaries in X. A basic computation shows that 9> = 0, and hence
By C Zj. The k—th homology of X is:

3.2 The d—Representable Property

Now since we have an analog for intersection graphs, we can define an analog for interval
graphs. First, recall that the set K C R is a convex set if for any two points z,y € K
and for any ¢ € [0, 1]

tr+(1—-t)y € K.
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A simplicial complex X is d—representable if there exists a family F of convex sets
in RY, such that the simplicial complex N (F) is isomorphic to X. Denote by K¢ the
family of d—representable complexes. Observe that intervals are simply convex sets in
R!, and hence for a given family F of intervals in R, an interval graph is the underlying
graph of N (F). To explore the notion of d—representability of simplicial complexes

further we will need a few results from discrete geometry.
Lemma 3.2.1. Let A C R%. The following conditions are equivalent:
1. A is convex

2. For any n € N, if a; € A, \; > 0 for any i € [n], and Y11\ = 1 then
Z?ﬂ )\iai cA

Proof. (2) = (1) Since Y ;" \ja; € A is true for n = 2, we get that A is convex since
it is the definition of being convex.

(1) = (2) We show this by induction on n. For n = 2 it is true since A is convex.
Now take Ele Aia;. Denote by A := Zf;ll A; and by induction we get that

1 k—1
— Z Aia; € A.
A =1

Since A is convex and A\ 4+ A\ = 1 we get that:

k 1 k—1
Nia;. = A | — Aia; | + Apay, € A.

Recall that a convexr hull of a set A C R? is the smallest inclusionwise convex set
containing A, i.e.

conv (A) := ﬂ C,

ACCCR?

C' is convex

since an intersection of convex sets is convex. A basic result gives us a way to describe

convex hulls in a ’constructive’ way

Lemma 3.2.2. Given A C R? a finite set then
n n
conv (A) = {Z)‘iai :neN, Z)‘i =1, a1,a2...,am €A, N > O}.
i=1 i=1

Proof. Denote the set on the right hand side by R. We first show that R is convex,
and hence conv (A) C R since A C R. For any z,y € R we have that

n m
CUZZAZ‘CM ; y:ZNz’bi-
i=1 i—1
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For any t € [0, 1] we have that

tY XN+ (=8 pi=1,
=1 1

L=

so by denoting

(1= pin i>n

we get that
n m n+m
tac—i—(l—t)y:tZ)\iai—l—(l—t)Zuibi = Z nic; € R
=1 =1 =1

Therefore R is convex.

From Lemma 3.2.1 we get that any convex set that contains A contains R, and
hence R C conv (A). Therefore R = conv (A). [

A basic result for convex sets is Radon’s Theorem [Rad21].

Theorem 3.1 (Radon [Rad21]). Given m > d + 2 points ay,as,...,a, € R?, there is
a partition of the points to I W J = [m] in such a way that:

conv ({aiticr) Neonv ({aitie ;) # 0.

Proof. Consider the points (a1,1), (ag,1),..., (am,1) € R4 These vectors are lin-

early dependent because m > d+ 1. Therefore there is a non-trivial linear combination

m

Z /\i (ai, 1) = 0. (3.1)

i=1
Partition the set [m] into two sets, I = {i € [m] : \; > 0} and J = {i € [m] : \; < 0}.
Since i1 A - 1 =0 and the fact that there exists an i € [m] such that A\; # 0, we get
that |I|,|J| # 0. By manipulating (3.1) we get:

Do Ailain 1) =) (=) (ai, 1)

i€l e

Note that ) ;c; A\i = >_;c; —Ai, and denote this sum by c. Since ) ;c; % =1and % >0
we get that:
)\i _)\i
comn ({ar}ir) 3 3 X = 32 ey € com (i)
icl icJ
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Which finishes the proof. |

Using Radon’s Theorem facilitates a short proof for the following classical result of
Helly [Hel23].

Theorem 3.2 (Helly). Let K1, Ka,..., K, be conver sets in R%. If (;c; K; # O for
any I C [m] of size |I| < d+1, then Nicpm) Ki # 0.

Proof. We argue by induction on m. For m < d + 1 the result holds by assumption.

Assume that m > d + 2. By induction we know that for any i € [m] there is a point

pi € ﬂ Kj.
J#

Since m > d + 1 we use Radon’s Theorem and get a partition I W J = [m] for which
there is y € RY
y € conv ({pi}ier) Neonv ({pitic) -
For any [ € [m], [ is either in J or in I. Assume without loss of generality that [ € J.
We get that for any ¢ € 1
Di € ﬂ K; C K.
J#i
Since K is convex, it follows that y € conv ({pi};c;) C K; . As [ is arbitrary it follows
that:

(TS m Kj.
J€[m]

Which finishes the proof. |

A massive amount of work has been done on extensions and generalizations of Helly’s
Theorem in various directions. But before we discuss further generalizations of Helly’s

Theorem, we present a classical application:

Theorem 3.3 (Kirchberger [Kir03]). Let A, B be finite sets in RY, such that for any
Ao C A, By C B of size |Ag| + |Bo| < d+ 2, there exists a hyperplane that separates
Agy from By. Then, A, B can be separated by a hyperplane.

Proof. For every a € A, and b € B denote
K, = {(u,a) ER*xR:a-u> oz} = {(u,a) e R™: (u,a) (a,—1) > 0},
and
Ly ={(v,8) eR™! :b-v < 8} = {(v,8) e R™M: (v, 8) (b,~1) < 0} .
Now, since for any Ag C A, By C B of size |Ag|+|Boy| < d+2, there exists a hyperplane
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that separates them or in other words, there exists v € R? and a € R for which

Ya € Ay, u-a >«
Vbe By, u-b<a

which gives us that

(u,a0) € ﬂ K,n ﬂ Ly # 0.

a€Ap beBy

Therefore we get that for any d + 2 sets from the family {K,},c4 U {Lp},cp, of convex

sets in R4, there is an intersection thus from Helly we get

(w,0) € () Ko () Lo # 0.

a€A beB

This gives us a hyper-plane {v e R?: u-v:a} for which

Vaoe A, u-a>«
VoeB,u-b<a

Which finishes the proof. |

The Helly number h := h(K) of a finite family X is the minimal h such that the
following holds: If G C K and Ngeg K # 0 for all ¢ C G such that |G'| < h then
NregK # 0.

A Helly type theorem for a family I gives an upper bound for the Helly number
h(K). For example, the original Helly Theorem asserts that h(K) = d + 1, for the
family /C of convex sets in R%. Another example is a theorem by Amenta [Ame96] and
Morris [Mor73].

Theorem 3.4. Let K be a family of sets in R? such that any intersection of a non-
empty subfamily of K can be expressed as a non-empty union of at most k closed conver
sets. Then KC has Helly number at most k (d + 1).

Amenta gives a very interesting proof for this theorem using generalized LP-type

problems.

We are moving our attention back to d—representable complexes and nerves. From
Helly’s Theorem we get that dA,,, for n > d, cannot appear as an induced subcomplex
in a d—representable complex. Which gives us that any d—representable simplicial
complex is completely determined by it d—skeleton.

We can also express Helly’s Theorem in simplicial complex language.

Theorem 3.5. Given X € K. If {v1,v2,...,0941} € X , for any choice of d + 1
vertices in 'V, then X = Ap_;.
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Figure 3.1: 2—collapse of a complex

In general, Helly type theorems can be formulated using nerves of the appropriate
families. This sometimes gives us insight to the theorems, or helps us prove them, as

we will see soon.

3.3 The d—Collapsibility Property

Let X be a simplicial complex with the vertex set V. For faces 0 C 7 € X, denote
[o,7]={veX:cCvCrT}.

A face 0 € X is free if it is contained in a unique facet of X. An elementary d— collapse
in X is the operation X — X — [0, 7] where o € X is a free face contained in the unique

facet 7 € X, and |o| < d. We will denote an elementary collapse by:

[o,7]

X —= X —|o,7].

Note that we allow a 0—collapse, which is a collapse of the empty set. The only sim-
plicial complexes in which a 0—collapse is possible, are the simplices A,,. A d—collapse

of X to a sub-simplicial complex X', denoted by X 4 x , is a sequence :
X=X1-Xo— - = X; =X,

where X; — X;11 = X — [0, 7] is an elementary d—collapse. For example, see Figure
3.1. We call X d—collapsible if there a exists a d—collapse from X to ). Let

C (X) :=min{d: X is d—collapsible},

and denote the family of all d—collapsible complexes by C¢.

We first focus on d = 1. One can notice that a 1—collapse of a simplicial complex
really looks like an elimination order of a chordal graph. The ’only’ difference is that

one of them is a graph and the other is a simplicial complex. Given a graph G = (V| E)
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Figure 3.2: Flag complex

we call its flag (or clique compler) the simplicial complex:
X (G):={f e X: fisacliquein G},
with the vertex set V. For example, in Figure 3.2 the facets of X (G) are the sets

{{a,b,c,d}{b,e}{e, f}{d, f,9}},

which are maximal cliques in G. Now since we have a way to get a simplicial complex

from a graph, we would like to show that:

Proposition 3.3.1. A simplicial complex X is 1—collapsible if and only if there exists
a chordal graph G such that X = X (G)

To prove this proposition we need two lemmas.

Lemma 3.3.2. For any simplicial complex X and for any A C V we have

C(X[A]) <C(X).

Proof. We show this in Chapter 4, see Corollary 4.1. |

Lemma 3.3.3. Any 1—collapsible simplicial complex is isomorphic to some flag com-

plex.

Proof. Let X be 1—collapsible simplicial complex with the vertex set V. Assume for
contradiction that X is not a flag complex. Therefore there exists a set A C V of size
|A| > 2 for which (4) C X but A ¢ X. Pick the smallest set A for which the previous
holds. Looking at the induced complex on the set A, we get X [A] = 0A| 4 ;. But then
any v € X [A] is not free and thus X [A] is not 1—collapsible, which contradicts Lemma
3.3.2. Thus we get that if X is 1—collapsible, it is isomorphic to some flag complex. B

And now we are ready to prove Proposition 3.3.1:
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Proof of Proposition 3.3.1. Lets first assume that G is chordal and show that X (G) is
1—collapsible. We show this by induction on the size of its vertex set. For |V| =1, it
is immediate.

Let |V]| = n. G is chordal and thus has a simplicial vertex v1. Therefore N (v) is
a maximal clique, and thus N (v) Uwv is a facet in X (G). Since these are exactly all
the neighbors of v, N (v) Uwv is the only facet containing v. Denote G’ := G [V — {v;1}]
which is chordal by Claim 2.2.1. Note that X MR NEOERN, [V —{n} =X (G)is
an elementary 1—collapse. We are left to show that X (G’) is 1—collapsible. But since
the vertex set of X (G') is of size n— 1, we get by induction that X (G’) is 1—collapsible
and thus X is 1—collapsible.

Now we pick a 1—collapsible simplicial complex X, and show that it is isomorphic
to a flag of a chordal graph. First, from the previous lemma we know that there is a
graph G = (V, E) such that X (G) = X. All that is left to show is that G is chordal.
Assume for contradiction that G is not chordal. Hence there is a cycle C C G on
the vertices Vo C V such that |Vg| > 3 with no chord. Since C' has no chords and
it is longer than 3 we get that(X (G))[C] = C. But then there is no free vertex in
(X (@)) [C] and thus it is not 1—collapsible, which is a contradiction to Lemma 4.1.1.
Therefore G is chordal. |

As mentioned before, convex sets in R are just intervals. That would suggest that any
1—representable simplicial complex is isomorphic to a flag complex of some interval
graph. This is true because for any X € K! there exists a family F of intervals such
that X = X (F), and o0 € X (F) if and only if o is a clique in G (F). Recall that in
Chapter 2 we have shown that any interval graph is chordal Lemma 2.2.5. Combining
this with the previous lemma we get that any 1—representable simplicial complex is
1—collapsible.

Due to a seminal work of G. Wegner [Weg75], in which he also defines d—collapsibility
and d—representability, the previous proposition is also true for higher dimensions, but

we will need to work a bit harder to show it.

Theorem 3.6 (Wegner [Weg75]). Let K be a finite family of convex sets in R?. Then
N (K) is d—collapsible.

Remark. The following proof relies heavily on a proof from an upcoming book by

Meshulam and Kozlov.

The first preliminary step before the proof of Wegner’s Theorem, will be to recall
a couple of definitions and prove two propositions. Recall that a hyperplane is a set
of the form Hy,, = {v : v-u =2} and that H,, = {v : v-u < x} is a half-spase. A

convezx polytope, or simply a polytope, in R? is a convex hull of a finite set of point.

Proposition 3.3.4. Assume we are given a family K = {K1,...,K,} of convez sets
in RY. Then there exist a family K' = {K/,..., K.} of polytopes, such that K! C K;,
forall1 <i<mn, and N(K) = N(K').

27



H )

Figure 3.3: Looking at M in direction u

Proof. Let
A= {A C [n] tNiea K # @},

and for any A € A pick a point pg € ();c4 K;. Now let the desired family of polytopes
be K' = {K/}_,, where
K!=conv{pa:ic Aec A}.

We are left to show that N (K) = N (K'). On the one hand, since K] C K; for any
i € [n] we get N (K') C N (K). On the other hand, any face o € N (K) gives us that
Nico Ki # 0. Hence o € A and p, € N;c, K/, which gives us that o € N (K). [ |

Let M be an arbitrary polytope in R%. For each unit vector u € S1, set

har(u) := max (v-u). (3.1)

Since the length of w is 1, what happens geometrically is that the polytope M is
projected orthogonally on the directed line spanned by the vector u, and hps(u) is the
maximum of this projection. Intuitively, we can think of hs(u) as the maximum which
the set M achieves ’'in the direction v’ It is well-defined because M is compact.
By shifting H,, , by has(u) u we obtain the supporting half-space of M in the direc-
tion of wu:
Dpr(u) :=hy(u)u+ Hyg={v:v-u< hy(u)}.

By definition of hps(u) we certainly have the inclusion Dys(u) D M. Let us now
consider the intersection of the set M with the corresponding supporting hyperplane,
and set

Ly(u) :==MnNODpy(u) ={veM:v-u=hy(u).}

Since M is compact, the maximum in (3.1) is achieved, so the set Ljs(u) cannot be
empty. In fact, it is well-known that this intersection is a polytope of lower dimension.
Generically, we expect this set to consist of a single point, namely one of the vertices

of the polytope M. Of course, this is not always the case, see Figure 3.3 , and we set
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Figure 3.4: The minimal polytope K, and related geometric data

Sy = {u CLm(u)] > 2 C Sd_l,}
which we think of as a subset of singularities.
Lemma 3.3.5. The set Sy has measure zero in S% 1.

Proof. This is immediate if one looks at the dual fan of M. Indeed, Sjs is the intersec-
tion of the codimension 1 skeleton of the dual fan of M with the unit sphere. Clearly,

this is a measure 0 set. |

Proof of Wegner’s Theorem 3.6. Let KK = {K;};cs be a finite family of polytopes in R.

As above, for arbitrary o C I, set K, := N;jcsK;, and furthermore set
K:={K,:0eN(K)}.

By Lemma 3.3.5 each Sk, has measure 0. The family K is assumed to be finite, so
also the union Uy ¢ n(x) Sk, has measure 0. In particular, it cannot be the entire sphere
S4=1. Thus, there exists a direction u € S%~! such that |Lk, | = 1 simultaneously for
all 0 € N(K). Set o := min,en (k) hr, (u) and set D := H, . Let o be a minimal
simplex such that hg_(u) = a and let p € K, be the unique point such that p-u = «,
see Figure 3.4 .The rest of the proof is broken into 4 steps.

Step 1. We have |o| < d.

Proof of Step 1. Consider an arbitrary simplex ¢’, such that ¢/ C o. The minimality
of o implies that K,» € D. Hence there exists €, > 0 such that the intersection
Huyate,, N K, is not empty. Taking the minimum over all o' C o we find a constant
e > 0, which only depends on o, such that the intersection H, o+. N K, is not empty

for all o/ C o.
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Figure 3.5: The fattening K’ = K; + €B

Suppose now that || > d+1> 2. Set L := Hyo4e, Li := K; N L, for i € o, and

consider the family £ = {L;}ic, of convex sets in L. For any ¢/ C o we have
Lo = Njeor Li = Nieor (K; N L) = (Mieor K;) N L = Ky N L.

In particular, L, # () when ¢’ C o. Since |o| > d + 1 we can apply Helly’s Theorem to
the family £ to conclude that L, = LN K, # @. This clearly contradicts the fact that
K, C D and so our assumption that |o| > d + 1 is dismissed. This proves Step 1. N

Step 2. The simplex o is contained in a unique maximal simplex 7 € N(K).

Proof of Step 2. Set 7 := {i € [n] : p € K;}. Since p € Njc,K;, we have N, K; # 0,
hence 7 € N(K). Furthermore, for every j € o we have p € K, C Kj, hence j € 7, and
soog CrT.

Take an arbitrary n € N(K) such that ¢ C 1. We claim that p € K,. Indeed,
otherwise we would have K, C K, —{p} C int D and therefore hr, (u) < hx, (u). This
is impossible since o was chosen so that hg, (u) is minimal. We conclude that p € K,

and therefore n C 7. Since 1 was chosen arbitrarily, this proves Step 2. |

Clearly, the steps 1 and 2 imply that removing [0, 7] from N (K) constitutes a d-collapse.
Let ¢ > 0, let B denote the closed unit ball B(0,1), and consider the family K’ =

{K},..., K]} defined by
K — {KZ 1€ 0,

Ki—l-EB Z'QO'.

When i ¢ o, the convex set K/ can be thought of as an “e-fattening” of K, see Figure 3.5
. It is obvious, and left without a proof, that for a sufficiently small ¢ > 0 we have
N(K") = N(K).

Step 3. For each simplex € N (K) such that o ¢ 1, we have K| ¢ D

Proof of Step 3. Assume n € N(K), o € n, and set ¢/ := nNo, o’ :=n\o. We have
n=o0c Ud" o Coand 0" No = 0. We may have o/ = (), but we definitely have
0" # (). Take the point ¢ € K, satisfying u - ¢ = hg, (u). If u-q > a, then ¢ ¢ D and

we are done. Otherwise, by our assumption hg, (u) > hk,(u) = a, so we must have
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u-q = a,lie., q € Hy,, see Figure 3.6 .Set Z := (¢+€B)\D, which is a half of the e-ball
around ¢. Obviously ¢ € K, implies Z C K_,,. If o' =0, then K[, = K, and again
we are done showing that K7/7 ¢ D. Assume finally, ¢’ # (). The simplex o was chosen
to be minimal among those with the extreme point on Hy o. Since o’ C o, there exists
a point ¢’ € K,» — D. Consider the interval consisting of the points ¢ = (1 — t)q + t¢/,
for 0 <t < 1. The endpoints ¢ and ¢’ are in K/, hence the entire interval lies in K.
This interval intersects the half-ball above. Formally, take 0 < ¢t < €¢/|q — ¢'|. Then

lgt —ql = | —tg+td| =tlg— | <e,

and ¢ € ¢+ €B. On the other hand, clearly ¢ ¢ D, so ¢ € Z. We conclude that
qt S Ké./ ﬂKé.// - K;] ThU.S K;] ¢ D. |

Step 4.There exists a family of polytopes K = {Kj,...,K,}, such that N(K) =
N(K) — [o,7].

Proof of Step 4. Step 3 immediately implies that for each n € N(K), such that n ¢
[0, 7], there exists a closed half-space D; such that DN D; = () and D; N K, # 0.
Set D' := Upg(o,71Dy- The set D' is itself a closed half-space since the union is taken
over finitely many elements, and furthermore D N D’ = (). Let us consider the family
K" ={KY,... K]}, where we set

K!:=K/NnD' forall1<i<n.
For all A C [n], we have
K’} = NieaK! = Niea(K.ND") = (MNieaK))ND' = KynD".
In particular, for n € [o,7] we have K = K, N D' = {, since K; C K, C D and

DN D" = . On the other hand, if n ¢ [o,7], then K] # 0 if and only if K, =
K, N D" # (. We can therefore conclude that

N(K") = N(K) — [o,7].

Figure 3.6: Locating the point g;
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As a last step we use Proposition 3.3.4 to replace the family K” with a family of
polytopes K, such that N(K”) = N(K). This proves Step 4. [

It is clear how Wegner’s Theorem now follows from these four steps. We simply perform
the d-collapse [0, 7] on the nerve complex N (K) and at the same time replace the family
K with the family K. Eventually, we end up with a complete d-collapsing sequence of

the original nerve complex. |

Remark. Note that the inclusion K% C C¢ is strict. Tancer and Matousek showed even
more than K¢ C C? in [MT09]. They show that for any d € N there exists a simplicial
complex X with C (X) =d but £ (X) =2d — 1.

The following result relies strongly on Wegner’s Theorem, and gives us a bit more

information about d—repeatability.

Lemma 3.3.6 ([Eck85]). Given a simplicial compler X € K¢ and v € V for which
St (v,X) # X . There exists a d—collapse X Lo, X, such that St (v, X) € X, and
X, € K¢

Proof. Since X € K¢, there is finite family of polytopes K in R? for which X = N (K).
Using the proof for Wegner’s Theorem, it is enough to show that there exists u € S41
for which |Lx,| = 1 for any o € N (K) and that for a := min,cn k) hk, we get that
Ky Hg, =0. Pick o ¢ St (v,N (K)) and denote:

U:{uGSd_l:HQGR,HH_@O’CvZQ&KUCH;a}'

Since K, K, are convex, compact, and K, N K, = 0 we get that U is of positive
measure. Now since U,eni) Sk, is of measure 0, there is u € U\ Uyen(k) Sk, - And
since o < hg, < hg, we get IC, N H,, , = () which is exactly what we were looking for.l

An example for an application of d—collapsibility is a nice proof for the colorful Helly’s

Theorem. Originally shown by Lovédsz [Bar82] (but appears in a paper by Bérany).

Theorem 3.7 (Colorful Helly). Let K1,Ka,...,K4y1 finite families of convex sets in
R If VT Ky # 0 for all choices of Ky € K1,Kay € Ka,..., K441 € Kay1 then
Nrexc, F # 0 for some 1 <i <d+ 1.

Proof. Denote X := N (Ufill ICZ') the nerve of the union of the families. Note that for
any K1 € K1, K3 € Ka,..., K41 € Kgy1 the face {K1, Ky, ..., K411} € X, and that
to prove the theorem it is enough to show that for some 1 <i < d+ 1 K; € X. From
Theorem 3.6 we know that X is d—collapsible, thus we get a d—collapse

X = x, ol ) leml leemnl e g (3.2)

We call the face v colorful if [v N K;| < 1 for any i € [d + 1]. Since all such faces exist

in X we can pick 1 < k <t — 1 such that [0}, 7] contains a colorful face v of size d,
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but a [0}, 7;] for any j < k does not contain a colorful face of size d. Assume without
loss of generality that v = {v1,v2,...v4} for v; € ;. Since v is the first colorful face
to collapse we know that the faces v U {u} € X}, for any u € V4. Since v is a free face

with a maximal face 7, we get that:

U VU{U}:VUVd+1 C Tg.
u€EVy41

This finishes the proof since we showed that Vg4 € X; C X. [ |

For other application of d—collapsibility and further detail one can look at [Tan11][Eck85]/Tan09]
[AKS5].

3.4 The d—Leray Property

A simplicial complex X is d—Leray, denoted by X € £%, if for all induced subcomplex
Y C X we have H; (Y) =0 for any i > d . The Leray number of a given complex is

L(X)=min{d : Xis d—Leray}.

For example £ (A,) = 0 and for the complex X in the Figure 3.1 £ (X) = 2.

The first thing to notice is that an elementary d—collapse X ﬂ Y does not change

the homology in dimensions higher then d, meaning:

Lemma 3.4.1. Given X 2% Y an elementary d—-collapse. Then H; (X) = H; (Y)
for any i > d.

Proof. To show the lemma its enough to consider the two following cases:

1. 0 # 7. Then Y is a deformation retract of X hence homotopically equivalent to
X. And thus H* (X) = H (Y) for all i.

2. 0=7. ThenY = X — {0}, and as dimo < d — 1 it follows that Y (i) = X (i) for
all i > d and thus H* (X) = H* (Y) for all i > d. [ |

From this lemma we can conclude that:

Theorem 3.8. Any simplicial complex which is d—collapsible is also d—Leray, i.e.
cdc L.

Proof. Pick X € C?% by Lemma 3.3.2 any induced subcomplex Y C X has Y <, 0.

From the previous lemma we can deduce that

for any i > d. Which exactly means that X € £%. |
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Wt 32
Dunce hat is a the simplicial complex we get by identify the faces denoted by the
same numbers

Figure 3.1: Dunce hat

For the other side of the inclusion, there are 2 case, d = 1 and d > 2. First for d = 1:
Lemma 3.4.2. 2! c C.

Proof. Let X be a simplicial complex in £ with a vertex set V. To show that X € C!
is enough to show that it is isomorphic to a flag complex of some chordal graph.

First assume for contradiction that X is not a flag complex. Like in the proof of
Lemma 3.3.3 we can find a subset A C V' such that X [A] = 0A,, for n > 2. Therefore
H,(X [A]) # 0 and hence £(X) > 1 which is a contradiction to our assumption.
Therefore we have graph G = (V, E) such that X (G) = X. Assume for contradiction
that G is not chordal. But then similarly to the second part of Proposition 3.3.1 we
can find a vertex set Vi such that (X (G))[Ve] = C where C' is a cycle. Therefore
Hy, ((X (@) [Ve]) # 0 which gives us that X ¢ L' which is a contradiction to our

assumption. [

However for d > 2 there is a strict inclusion C? C £%. One such example is the Dunce
hat complex, see Figure 3.1 . For any induced subcomplex Y we have that H; (Y) =0
for any i > 2, but for example H; (X [{1,2,3}]) # 0, therefore X € £2. On the other
hand any 1 dimensional face o € X is not free and therefore X ¢ C2. In general using
this example and a lemma about the join of simplicial complex the authors of [MT09]
constructed for any d > 1 a simplicial complex for which C (X) = 3d but £ (X) = 2d.
Summing the difference between d—representability, d—collapsibility and d—Leray we
get for d > 2

Kiccl gl
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Chapter 4

Combinatorics of d—Collapsible

complexes

4.1 Preliminaries

First we recall the notion of d—collapsibility : Given a simplicial complex X an elemen-
tary d—collapse is the operation X — X — [0, 7], where 0 € X is a free face contained
in the unique facet 7 € X, |o| < d, and [o, 7] is a set interval. A d—-collapse of X to a

simplicial subcomplex X', denoted by X & xr , is a sequence of elementary d—collapses
X=X —->Xo—>.. X 12X, =X,
where X; — X;11 = X; — [0y, 7;] is an elementary d—collapse. Denote by:
C(X) :=min{d: X is d—collepsible to (} .

We call X d—collapsible if C (X) = d. Recall that for A C V' we denote by X [A] the

induced subcomplex on the vertices A.

Lemma 4.1.1. Let X be a simplicial compler and ACV . If X LY then X [A] 4
Y [4].

[0:7]

Proof. Given an elementary d-collapse X —— X, if the face 0 ¢ A then X, [A] =
X [A]. So, from now we assume that o C A. The face o is free in X [A4] and 7N A
is the unique facet in X [A] containing o, since 7 is the unique facet in X containing
o. Therefore o is collapsible in X [A]. Denote Z := X [A] — [0,ANT]. We show
that Z = X, [A], from which we can conclude that for any elementary d—collapse
x 27 X, there is a elementary d—collapse X [4] lor0A], X,[4].

On the one hand if v € X, [A] then 0 ¢ v and v C A. Thus v € X [A] and
v ¢ [0,ANT] hence v € Z. On the other hand if v € Z we know that v ¢ [0, AN T]
and v C A. Thus v ¢ [0,7] and v € X [A] hence v € X, [A]. Therefore Z = X, [A]

which follows from the double inclusion.
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Let the d—collapse from X to Y be:

[o1,7m1] [02,72] [ot—1,Tt—1]

X=X Xy X Xy =Y.

Using repeatedly what we showed above gives us a d—collapse:

Xy = x [A] 20w, ) 220 Ay e L Ay — v 4],
which is a d—collapse of X [A] to Y [A]. |

An important observation, that we will use and already used in the previous chapter,

is:

Corollary 4.1. For any simplicial compler X and for any A C V we have

C(X[A]) <C(X)

Proof. Let C(X) = d. Since X is d—collapsible we have a d—collapse X <. By
Lemma 4.1.1 we get X [A] L0 [A] = 0 and hence C (X [A]) < C (X). [ |

Note, that the Corollary 4.1 was first shown in [Weg75] with a proof very similar to
the one for Lemma 4.1.1.

Another subcomplex that does not increase the d—collapsibility is the link of a face
in X:

Lemma 4.1.2. Let X be a simplicial complex. For any f € X

C(Lk(f,X)) <C(X). (4.1)

Proof. Pick an elementary d-collapse X m) X,. We first note that if ¢ C f then for
any two faces in 71, 72 € Lk (f, X), their union is also in the link, i.e. 71Ure € Lk (f, X).

This is true since o C fUT; € X for i € [2], and since o is free in X we get that
funuUumncCcreX,

which gives us that 7 Um € Lk(f,X). But since for any two faces in Lk (f, X)
their union is also in Lk (f, X), we get that Lk (f, X) = A, where n = |Lk(f, X)|.
Therefore C (Lk (f, X)) =C(Ay) = 0.

Now, assume that o ¢ f. We show that there exist a d—collapse Lk (f, X) 2,
Lk (f, X,). First, if the face o ¢ Lk (f, X), then Lk (f,X) = Lk (f, X,). Hence taking
the ’empty’ collapse we get that

Lk (f,X) 5 Lk (f,X) = Lk (f, X,).
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On the other hand if o € Lk (f, X), we assume for contradiction that o is not free in
LE(f,X). Therefore there exists 71,72 € Lk (f, X) such that o C 71,72, but 71 Ums ¢
Lk (f, X). From the definition of Lk (f, X) we know that 7; U f € X for ¢ € [2]. Since

o € 7;Uf and o is free in X we know that
funuUncrelX

but then 7 Ume € Lk (f, X) which is a contradiction to our assumption. Similarly we
get that 7 € Lk (f,X), and since Lk (f, X) C X it is the unique facet containing o.
And finally, the simplicial complex Lk (f, X) — [0, 7] is exactly Lk (f, X,).

Denote X’s d—collapse:

[1,71] [2,72] [ot—1,Tt—1]

X=X Xy X X = 0.

Let i € [t — 1] be the first index such that o; C f. From what we showed above we get
the d—collapse:

[o2,72]

Lk (f,X) = Lk (f, X1) 275 Lk (7, X) LR (f, X)) 2T p (X

We also showed that since o C f, Lk (f, X;) = A,, for n = |Lk(f, X;)|. Therefore

combining both of these collapses we get a d—collapse

Lk (f, X) % Lk (f, Xi) = A, 5 0,

which gives us (4.1). [ |

Another interesting property of d—collapsible complexes is that one can collapse it to
a subcomplex which is (d — 1)-collapsible using only elementary d—collapses. To show

this we will need the following:

Lemma 4.1.3. Let X M Y be an elementary d—collapse. For k > d there is a

series of elementary k—collapses from X toY', where:
Y'i= X —{f € o] 1] > k.

Proof. We argue by induction on the size (k — d). For (k —d) =1, let {v;};_, = (7\0).
For i € [n], define 7; := o U {v;}. These are exactly all the faces of size k contained
in the interval [, 7]. Denote Y; = X — Ui_, [;, 7]. We will show for each i € [n] that
n; € Y; is a free face and that collapsing it leaves us with Y; ;. Namely, we would get

the series of elementary k—collapses:

X =V [71,71] Y, [72,72] Y, [1m,7n] Y1,
where Y11 = Y’. Assume for contradiction that there is 7; that is not free in Y;. In
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this case there are p,p’ € Y; such that n; C p,p/ but pUp’ ¢ Y;. Since pUp' ¢ Y]
there is a j < ¢ for which n; C p U p/. But since n; = o U {v;} then, without loss of
generality, v; C p, hence p € [n;,7;], and thus p ¢ Y;. This is a contradiction to our
assumption, therefore n; is a free face. Denote its facet by ;. Now, on the one hand

for any f € Y; — Y11, f contains n;. Thus f € [n;, ;] and
(Yi = [ni, ]) C Yiga.
On the other hand since [n;, 7] C [1;, 7]

(Y; — [i, 7)) D Yiya.

This finishes the base case for our induction.

Next, assume that (k — d) = n > 1, by the induction hypothesis we have a series of

elementary (k — 1) —collapses:

[o1,71] [02,72] loe—1,m—1]

X =X X5 X

X, (4.2)

where
Xe=X—-{f€lo7]:|f| >k—-1}.

By the base case of the induction, we can get for the collapse X M X5 a series of

elementary k—collapses:

1.1
[Ul ’71]

11 1 1
[02772] [Usl—lstl—J

X, =W} Wy

where
Xy = X1~ {f € [onm]: |f] = &}

Note that X} (m) = X3 (m) for every m > k and therefore the face oy is free in XJ.

Denote
X; = X1 — {f S [O'z‘—I,Ti—l] : ‘f| > k} :

Arguing by induction we get that for each ¢ < t, there is sequence of elementary
k—collapses:
Xpy ~ Xp=Xpoq —{f €log1, 1]  [f] > K}

Note that for all m > k we have X, (m) = X, (m), hence we get that oy is free in Xj.

Therefore we get a series of elementary k—collapse from X to X, . Finally, since

t
U{felonnl:|fI =k} ={f€lo]:[f| >k},
=1
X/ =Y. u
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Using this lemma we get:

Lemma 4.1.4. Let X be a simplicial complex, then there is a C (X) —collapse:

Proof. Let C (X) = d, hence there is a d—collapse

lo1,71]

[o2,72] [o¢—1,T¢—1]

X=X Xo X =0

Let Z; = X and denote Z;y1 := Z; —{f € [0y, 7] : | f| > d}. Using Lemma 4.1.3 we get
that there is sequence of d—elementary collapses X; 1 ~» Z;. Since Z; (m) = X; (m)
for any m > d, we have that there is a sequence of d—elementary collapses Z;_1 ~~ Z;.

Finally, because

t—1
Ulfelonnl:Ifl>dy ={feX:|f|>d}
i=1

we get that
X=2-%2_,=x02

which finishes the proof. |

Let X, Y be simplicial complexes with the vertex sets Vy, Vy respectively, where V3 N
Vx = (0. Recall the join of X and Y is the simplicial complex with the vertices VxUVy,

X*xY = {(TxUUy E2VXUVY ox € X, 0y EY}.
This brings us to another lemma which will be useful later on:

Lemma 4.1.5. Let X be a simplicial complex with the vertex set V', and X m) X5
be an elementary d-collapse. Then for v ¢ V, o is a free face in (X % {v}), and there

is an elementary d— collapse:

o,7U{v}]

X x{v} [ (X x{v}), = X5 x {v},

where (X x {v}), = (X x {v}) — [o, 7 U {v}].

Proof. First notice that 7 U {v} is a unique facet in X * {v} containing o. This is
true since if there was another face containing it, o C 7, such that 7 ¢ 7 U {v} then
o C (7\{v}) and (7\ {v}) ¢ 7. But that would contradict the fact that o is collapsible,
and therefore o is free.

For any face f € (X x{v}),, we know that o ¢ f hence f\{v} € X, therefore
f € X5 *{v}. On the other hand if we pick f € X, x{v} then o ¢ f which means that
[ ¢ [o,7U{v}] and hence f € (X * {v}),. Therefor (X * {v}), = X, * {v}. [ |
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4.2 The collapsibility of intersections

Recall that given X and Y two simplicial complexes on vertex set Vx and Vy respec-

tively, their intersection is:
XNY = {fe2VX”VY|feXAer}.

For any set 7 € X NY and a subset ¢ C 7 we have from monotonicity that ¢ € X and
o € Y thus 0 € X NY. Therefore the intersection of any two simplicial complexes is
also a simplicial complex with the vertices Vx N Vy.

In this section we discuss how does d—collapsibility interact with intersection. More
precisely, if one knows C (X) and C (Y) what can be said about C (X NY)?

First, notice that bounding C (X NY") from below (by something that is not trivial)
is impossible. Indeed for any k,m € N one can take V = [m]U[n] , X = 0A,,, and
Y = 0A,, for which we have C(X) = m and C(Y) =n but C(XNY) =C (D) = 0.
Fortunately, it turns out that there exists an upper bound, and the heart of its proof

is the following lemma:

Lemma 4.2.1. Let X be a simplicial complex with an elementary k—collapse X ﬂ

Xo. If the simplicial complex'Y satisfies C (Y) = ¢, then there exists a (k + £) —collapse
xXny & x, ny.

Proof. First, if 0 ¢ Y, then [0,7] ¢ Y and therefore X NY = X, NY. Hence, from
now on we will assume that ¢ € Y. Using Lemma 4.1.2 and Corollary 4.1 we have that

C (Lk(o,Y [7])) < £. Hence there is a /—collapsing sequence:

e—1,mt—1]

Lk (0,Y [7]) = Ly 220y Ll g, ool g

Denote Z; = X NY —U,; [v; Uo,n; Ua]. To prove the lemma it would be enough to
show that Z; = X, NY, and that for any i € [s] the face v; U o is free in Z; and n; U o

is the facet containing it. This would give us the d—collapse:

[v1Uo,n1Uo] [v2Uo,maUo] [vi—1Uo,ni—1Uo]
. _—>

XNnNY =2 7y

i Z, =X, NY,

where d = max;ci_1) {|v; Uol} <k + L.
In order to show that Z; = X, NY it is enough to show that U;;ll vjUo,njUo] =
[0, 7] NY. On the one hand, for any p € [v; Uo,n; U o] we get that:

cCpCnUoeY|r].

Hence p € [0,7],and p € Y for any i € [t — 1] which gives us that p € [0, 7]NY. On the
other hand, for any p € [0, 7]NY, look at the face p := (p\o) € Lk (0,Y [7]) and pick the

minimal i € [t — 1] for which v; C p. From the minimality of ¢ we have that p € L; and
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because v; is free in L; we get that p € [v;,m;]. Hence (p—o)Uo =p € [o Uv;,n; Ud]
and thus p € ;;11 [vj Uo,n; Uol. Therefore we can conclude that Z; = X, NY

Now, note that 7; Uo € Z;. Indeed this is true since 7; ¢ [vj,n;] for any j < i, and
therefore n; ¢ [v; Uo,n; Uo|. We conclude that also v; € Z; since v; C n;. Let p € Z;
for which o Uv; C p. Assume for contradiction that p ¢ n; Uo. The face o is free in
X inside a maximal face 7, hence ¢ C p C 7. Therefore (p — o) € Lk(o,Y [7]) and
since v; is free in L;, we get that (p — o) € [v},n;] for some j < i. But then we get
that (p—o0)Uo = p € [v; Uo,n; Uo] which is a contradiction to the assumption that
p € Z;. Therefore v; Uo is a free face in Z; with a unique facet 7; U o, which finishes
the proof. |

We want to point the reader’s attention to the fact that the previous lemma is a good
example to the basic technique of proving properties of d—collapsibility. One first

proves “the property holds for an elementary collapse” and then just uses it repeatedly:

Theorem 4.2. For X,Y simplicial complexes
C(XNY)<C(X)+C(Y). (4.1)

Proof. Let C(X) =k and C(Y) = /. Let

[o1,71] [o2,72]

X=X X, Xy Azl e g

be a k-collapse of X. Denote Z; = X; NY, and note that Z; = X; NY = (0. By the
previous lemma we get that Z; fos Zi+1 for any i € [t — 1], and therefore we get the
(k + £) —collapse:

XNy =2 "z, 72, 7, =0

Which gives us Inequality (4.1) and finishes the proof. [ |

An application of the Intersection Theorem 4.2 is a bound on the collapsibility of a
join of two simplicial complexes. But first, we show that a join with a simplex doesn’t

change the d—collapsibility:

Lemma 4.2.2. For any simplicial compler X
C(X*xA,) =C(X).

Proof. Let C (X) = d, and denote its d—collapse:

[o1,71] [o2,72] [o¢—1,T¢—1]
7 .

X = X1 7 X2 .. Xt,1 Xt = @ (42)
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Notice that A, = {v1} % {ve} * -+ * {v,41} and hence
X« Ap ZX x{vr}x{va}x- % {vps1}-

Using repeatedly Lemma 4.1.5 on the collapse (4.2) we get the d—collapse:

[o1,T1UAR] [o2,72UAR] [ot—1,7—1UAR]

X*xA, =X A,

Xox A, s Xy x A, = 0.

Since there is a d—collapse A, * X L) we get that C (X * A,) < C(X). On the other
hand if there was a (d — 1) —collapse of X % A,,, since X is an induced subcomplex
of X x A, then by Lemma 4.1.1 we would get a (d — 1) —collapse of X which would
contradict the assumption that C (X) = d. Therefore C (X * A,) = C (X). [

Using this lemma and the Intersection Theorem 4.2 we get:

Proposition 4.2.3. Given X and Y simplicial complexes. Then
C(XxY)<C(X)+C(Y).

Proof. Denote by Ax the simplex with the vertices Vx of the complex X and Ay the

simplex with the vertices Vy of the complex Y. Denote
X:=XxAy ;Y :=Y xAx.

First, from the previous lemma we get that C (f( ) =C(X)and C (}7) =C(Y). Pick a
set f € 2Vx¥W it is contained in X NY if and only if f = fx @ fy for some f, € X
and fy € Y which means that X NY = X %Y. Using the Intersection Theorem 4.2 we

can conclude that:
C(XxY)=C(Xn¥)<c(X)+c(¥)=c(x)+c(v).

Which finishes the proof. |

The other side of the inequality, i.e. C(X *Y) > C (X) + C (Y), was discussed in the
paper [MT09]. They have shown that for any simplicial complex X, if we denote

70 (X) := min{d : X has a d—collapsible face}

then

Lemma 4.2.4 (Lemma 4.2 in [MT09]). For every two simplicial complexes X,Y we

have
Yo (X *Y) =0 (X) +70(Y).

In [MTO09] the authors used this lemma to construct a family of complexes {X,,}2°;
such that is X, is not (3n — 1)—collapsible but it is 2n—Leray.
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We note that the Intersection Theorem 4.2 is tight since we can build the following

family of examples:

Ezxample 4.2.5. Take the simplicial complexes X = 0A,, and Y = 0A, and use them
to construct X, Y like in the proof of Lemma 4.2.2. First notice that by Lemma 4.2.2
C (X') =C(X)=mandC (?) =C(Y) = {. And from the fact that X NY = 0A,, 4,
we have

C(XNY) =C(0Ams) =m+l=C(X)+C(Y).

Recall Lemma 4.1.2 which gives us a bound on the d—collapsibility of the link of
any face. As a conclusion of this lemma and of Lemma 4.2.2 we get that a bound on

the star of a face:

Lemma 4.2.6. Let X be a simplicial complex. For any f € X
C(St(f,X)) <C(X).
Proof. First note that St (f, X) = Lk (f, X)*2/. From Lemma 4.2.2 we conclude that:
C(St(f, X)) =C(Lk(f,X)*2") =C(Lk(f, X))
From Lemma 4.1.2 we know that C (Lk (f, X)) < C(X), and hence

C(St(f, X)) =C(Lk(f, X)) <C(X).

4.3 Collapsing from the complete complex

We call a complex X with the vertices V' d—star-collapsible if it has an order on the

vertices V = {v;};"_; for which, denoting X; := X [{vj }?:Z}, there is a collapse
X; x4 St (vi, Xi—1) 4, 0.

Note that like d—collapsibility, if X is d—star-collapsible then so is any of its induced

subcomplexes.

Lemma 4.3.1. Let X be a d—star-collapsible complex with the vertices set V.. Then
for any A CV, X [A] is also d—star-collapsible.

Proof. Since X is d—star-collapsible there is an order on the vertices {v}; ; for which
X; % 5t (v, X) 4 0,
where X; = X {{vj}?zl} Take the order on the vertices A = {vik}tﬂl to be the
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induced order from the order on V. For any 1 < ¢ < |A| we get:

Ay KA oy _ . ATy 4
X [{U% }kzl} - XZe [A] (#) St (Ule’Xl ) [A] = St (vlw X [{U%}k:l}) (#) (Z)
Where we know the collapses (#) exists from Lemma 4.1.1. Therefore we get that
X [A] is d—star-collapsible. [ |

A nice property that d—star-collapsible complexes have is:

Proposition 4.3.2. Let X be a simplicial complex with the vertices set V. If X is
d+1

d—star-collapsible, than there is a (d + 1)-collapse A —; ~ X.

Proof. We will prove the proposition by induction on |V|. For |V| =1, it is clear.
Assume that |V (X)| =n. If X = A,_; then we are done, so we can assume that

X # A,_1. Let v € V be a vertex such that there exist a collapse X & st (v, X)

and denote X, := X [V — {v}]. Notice that |V (X,)| = n — 1, and that from Lemma

4.3.1 X, is d—star collapsible. Therefore by the induction hypothesis we have the

(d + 1)-collapse:

[o1,71] [o2,72] [om,Tm]

An_Q = Y1 }/2 ...Ym_1 Ym = Xv.

Taking A, _2*{v} (= Ap_1) and using Lemma 4.1.5 on each of the elementary collapse
we get the (d + 1)-collapse:

An_ox{v} == Yi*{v} Tormutul], Yos{v} lo2,m2Ufv}, Yox{v} (1 7m-1040}) Yix{v} = Xpx{v} .

Denote the d—collapse from X to St (v, X) by:

[Vre—1,Mk—1]
_—

X = X, [v1,m] X, [v2,m2] Xy

X = St (v, X). (4.1)

Denote 9; := v; W {v}, 7 := n; W {v}, and Z; := X, x {v} —U_, [D5,7;] for i € [k]. First,
notice that:

Zp = St(v,X)U (Ule [Vjﬂ?j]) = X.

Hence it is enough to show that for any i € [k — 1] that the face ; is a free face in Z;

with a unique facet 7j;. Indeed, in this case we would get the £—collapse

Apr S X oy = 2 0y g g e o
where ¢ < max;¢ck |V;| < d+ 1, which is exactly the desired collapse.
For any i € [k —1], 7; € Z; since otherwise there would exist j < i for which
;i € [0, 7;], but that would imply that v; C 7; which we know is impossible since (4.1)
is a proper (d + 1) —collapse. We can also conclude that 7; € Z; since ©; C 1j;. Pick a

face p € Z; such that 0; C p, and denote p, := p — {v}. Assume for contradiction that
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pv € n;. Since v; is free in Z; there exist 0 < j < ¢ for which p, C [v;,n;], but then
p C [#j,1;] which would contradict the fact that p € Z;. Hence p C 7j; and therefore ;

is a free face in Z; with maximal face 7. [ |

An application of Proposition 4.3.2 is a bound on the collapsibility of a union of two

complexes. Recall that a union of two simplicial complexes X, Y is:
XUY = {feQVXUVY fex orfey}.

As for intersection we do not have a lower bound. Indeed, taking X = A, W 0A,, and
Y = 0A, WA, simplicial complexes with the vertices set [n + 1] W [m + 1]. We would
get that C(X)=n,C(Y)=mbut C(XUY) =1.

We were not able to show an upper bound for general complexes, but we strongly
believe that the following holds:

Conjecture 4.3.3. Let X,Y be simplicial complexes, then
C(XUY)<C(X)+C(Y)+1.
Nevertheless, we are able to show a weaker version of the bound using d—star-

collapsibility, but first:

Lemma 4.3.4. Given a simplicial complexes Y which is {—star-collapsible. For any
compler X and an elementary k—collapse X M X, there exists a collapse

yux Sy ux,.

Proof. First we notice that if o ¢ Y, then it is a free face with a maximal face 7, hence
[o,7]

YUX —/— Y UX, and we are done. From Lemma 4.3.1 Y [r] is {—star-collapsible
and hence by Proposition 4.3.2 there is a (£ + 1) —collapse:

Apppog = vy il yy ol oy ey, v (4.2)

Now, denote Z; := X UY, and for i € [t — 1] let

Zi-1—[oUvi—1,ni-1] o Cn
Zi = .

Zi—1 oZn

. . : k041 .
We will begin by showing that Z; "~~~ Z;;1, for any i € [t — 1].
We start by noting, that for any ¢ € [t — 1] if 0 ¢ n; then Z; = Z;11 and hence there

is a collapse Z; g Zi+1, the empty one. So from now on we will assume that o C n;.
The face 7; is in Z; since otherwise there would exist an j < i for which 7; € [0 Uv;,n;]
but that is not possible since (4.2) is a proper (¢ + 1) —collapse. We also conclude that

o Uvy; € Z;. For any face p € Z; such that o Uy; C p, we know that p C 7 because
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o is a free face in 7 and v; ¢ Y. Therefore, assume for contradiction that p ¢ n;,
then since v; is free in Y; we get that p € [v;,n;] for some j < i. But since o C p we
have that p € [0 Uv;,n;] ¢ Z;, which is a contradiction to the assumption that p ¢ n;.

[oUv;i,mi]

Consequently, we get that o Uy; is free in a unique facet n; and Z; Ziy1. Since

loUv;| <k+£¢+1it gives us that Z; kg Ziy1.

What is left to show is that Z; = Y U X,,. First, Let {77kj }m ) be the facets ny; that

J:
contain o, we get that Z; = X UY — Uj, [a U ijﬂlkj}- On the one hand for any face
feYUX,, fiseither in Y and then f € Z; since [a U ij,nkj} ¢ Y, or f¢][o7]and

then f ¢ [O’ U ykj,nkj} for any j and therefore f € Z;. On the other hand assume that
f € Z; then:

£ U [o0mm] =lorl - (Felorl: fev),

7=1
and hence f € Y U X,.
Combining what we showed above we get a (k + ¢ + 1) —collapse

YUX=2 "2 -vux,.

Using the previous lemma we get the bound:

Theorem 4.3. Let X,Y be simplicial complexes. If Y is C (Y') —star-collapsible, then

C(XUY)<C(X)+C(Y)+1. (4.3)
Proof. Let C(X) =k and C(Y) = /{. Let
[ot—1,Tt—1]

lo1,71] [o2,72]

X=X Xo X X =0,

be a k-collapse of X. Denote Z; = X; UY. Notice that Z; = X; UY =Y, therefore, if

we show that for every ¢ < ¢ there exists a (k + ¢ + 1)-collapse Z; gave Ziy1, we would
get a (k+ £+ 1)-collapse X UY Ay Using Lemma 4.3.4 that is exactly what we
get. |

Note that Theorem 4.3 is tight since we have the following family of examples:

Ezample 4.3.5. Take the simplicial complex X and Y from Example 4.2.5. First note
that X UY = 8 (Apmses1) and Y is /—star-collapsible. We get

C(XUY)=COAmir) =m+L+1=C(X)+C(V)+1,
To show Conjecture 4.3.3 it would be enough to show:

Conjecture 4.53.6. Let X be a simplicial complex. There is vertex v € V for which
X ) 5t (0, X) .
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Indeed, using Lemma 4.1.1 and Conjecture 4.3.6 we would get that any d—collapsible
simplicial complex X is also d—star-collapsible, and hence using Theorem 4.3 we can
deduce Conjecture 4.3.3.

In the following section we show that there exists an interesting subclass of d—collapsible
complexes which are d—star-collapsible. The class is a sort of 'strengthening’ of d—collapsibility,
which was given by Eckhoff in [Eck85].

4.4 Strongly d—Collapsible

In the paper [Eck85] Eckhoff gives the following definition. We call a simplicial complex

X on vertexes V strongly d— collapsible if for every vertex v € V there is a d—collapse
X 4 St (v, X) % 0.

Strong collapsibility plays an important role in Echoft’s proof of the M. Katchalski and
M. A. Perles upper bound conjecture on convex families in R,
First note that strong d—collapsibility implies d—collapsibility. Eckhoff showed the

following:

Theorem 4.4 (Eckhoff[Eck85]). Every d—representable simplicial complex is strongly
d—collapsible.

Proof. Let X € K¢, and note that if St (v, X) = X for all vertices v € V then we are
done. Hence we assume that there is v € V for which St (v, X) # X. From Lemma 3.3.6
there is a d—collapse X ﬂ X, such that St (v, X) C X, and X, € K¢ Therefore as

long as St (v, X) # X, we can use this argument repeatedly until we are left with:
d
X ~ St (v, X),
and by Lemma 4.2.6 St (v, X) - 0. [ ]

On the other hand not every strongly d—collapsible is d—representable. For example,
the simplicial complex in Figure 2.2 is strongly 1—collapsible but not 1—representable.

Strongly d—collapsible simplicial complexes interest us since:

Proposition 4.4.1. Every simplicial complex which is strongly d— collapsible is d— star-

collapsible

Proof. Pick an order on V' = {v;};_, the vertices of X, any order will work. We
will show that with this sequence, we have d—star-collapsibility. Since X is strongly

d—collapsible for any i € [n] there is the d—collapse
X % St (v, X) % 0.

47



From the Lemma 4.1.1 we get:
n d n n d
X [{o31,] % 8t (0, X) [{v;}1s] = St (v, X [{03372]) 0.
Therefore X is d—star-collapsible. |

The previous proposition plus Theorem 4.4 implies that every d—representable sim-
plicial complex is d—star-collapsible. However not every d—star-collapsible is strongly

d—collapsible. But first two small lemmas:

Lemma 4.4.2. Let XY be a simplicial complexes and let X M X5 be an elementary

k—collapse. If C(Y') = ¢, then there exists a (k + ¢) —collapse

Y*kate

Y « X,.
Proof. Since C(Y) = ¢, there is a /—collapse:

Y=V [u1ﬂ71]/ Y, [V2ﬂ72]/ Y M) Y, = 0. (4.1)

Denote Z; :=Y « X — U;;i [v; Wo,n; W] for i € [t]. We will show that for any i € [t],
v; Uo is a free face in Z; contained in the unique facet n; U T of Z;.

First notice that n; U7 € Z;. Indeed, otherwise n; U € [v; Uo,n; U] for some
j < i, but then n; € [vj,n;] which is a contradiction to the collapse (4.1) of Y. We turn
to show that v; Uo is a free face in Z;. Pick py Upx € Z; where, px € X, p, €Y, and
both contain v; Uo. Now px C 7 since 0 C px € Y . In view of v; C py, if py ¢ X;
then py € [v},n;] for some j < i and then v; Uo = py U px C n; U, in contradiction
with py U px € Z;. Therefore since v; C py, py € X;, and py C 7;, we conclude that
p=py Upx Cn;UT, and therefore v; U o is free in Z;

We have established that v; U o is a free face of Z; contained in a unique facet
1n; UT € Z; and therefore Z; M
v Uo| < k4L

Finally, we are left with showing that:

Zit+1 is an elementary (k 4 ¢) —collapse, since

Zy=Y*X - |[Hpiwo,nur] =Y« X,.
j<t
Indeed, on the one hand if p = px Up, € Y x X, then px ¢ [o,7] and thus p ¢
[v; Wo,n; W] for any i so p € Z;. On the other hand, if p ¢ X, *Y but p € X Y, then
px € [o,7]. Therefore there exists j such that py € [vj,n;] and hence p € [v; Uy, 7; U]
which gives us that p ¢ Z;. Combining both sides we get that Z; =Y x X,. |

Lemma 4.4.3. Let X be a {—star-collapsible complex and Y be k—star-collapsible
complex, then X xY is a (k 4 £) —star-collapsible complex.
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Figure 4.1: 2—star-collapsible but not strongly 2—collapsible

Proof. We argue this by induction on the size of |Vy W Vx|. For |[Vy W Vx| = 1 the
simplicial complex consists of a single vertex and hence we are done. Now assume that
|Vy W Vx| = n. Since X is {—star-collapsible there is a vertex v € Vx which has the

{—collapse:

[o1,71]

X=X

Xo o272l X1 Leamed, Xy =5t(v, X).

Since Y € C! we have the /—collapse:

Y=Y, [v1,m] Yy [v2,m2] Y M) Y, = 0.
Using Lemma 4.4.2 repeatedly we get:
Y*X=YxX, kvteY*Xg kvtg...Y*Xt,l kvtéY*Xt =Y xSt (v, X).

But Y*St (v, X) = St (v, X xY), and from Proposition 4.2.3 and Lemma 4.2.6 St (v, X *Y) Rt
0.
Since
X [Vx —{v}]*Y =X =Y [Vy U Vx — {v}],

X [Vx — {v}] is {—star-collapsible and Y is k—star-collapsible, by induction XY [Vy W Vx — {v}]
is (k 4 ¢) —star-collapsible. Therefore we get that X =Y is (k 4 ¢) —star-collapsible. B

The following example describes a family of simplicial complex for which there is a

difference between strong collapsibility and star collapsibility.

Ezxample 4.4.4. Let X be the simplicial complex in Figure 4.1, which is taken from
[Tanll]. The only 2—collapsible edge is {1,2} and hence there can not be a 2—collapse
X % St ({1}, X), thus X is not strongly 2—collapsible. But since dim (X) = 2, X is
strongly 3—collapsible. On the other hand X is 2—star-collapsible, where one possible
order on the vertices is (6,9,7,5,1,8,2,3,4). Also note that X is 2—collapsible.
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Denote by Y; := Y;_1 x X where Y] := X. By Lemma 4.2.3 we know that C (Y;) = 2i
and by Lemma 4.4.3 we get that Y; is 2i—star-collapsible. But since there is only one

free face of size 2i € Y;, we get that Y; is not strongly (2¢) —collapsible.

4.5 1—star-collapsibility

In this section we will show that a 1—collapsible simplicial complex is also 1—star-
collapsible. This will give us that Proposition 4.3.2 is true for 1—collapsible simplicial
complexes. We will also show an ’inverse’ of Proposition 4.3.2. This will be done by
first 'translating’ the Lemma 2.2.3 from the language of chordal graphs into the one of

1—collapsible complexes:

Lemma 4.5.1. If X is a 1-collapsible simplicial complex which is not a simplez, then

there are at least two free vertices v,u € V, such that {v,u} ¢ X.

Proof. First recall that by Proposition 3.3.1 since X is 1-collapsible it is a flag complex
of a chordal graph. Denote its chordal graph by Gx. Since X is not a simplex Gx
is not a complete complex. According to Lemma 2.2.3 if a chordal graph is not the
complete graph, then it has at least two simplicial vertices v,u € V (Gx), such that
{v,u} ¢ F(Gx). Since every simplicial vertex in Gx is free in X, we have two free
vertices in X for which {v,u} ¢ X. [ |

Now we are ready to prove:

Lemma 4.5.2. Let X be a 1-collapsible simplicial complex on V. Then X is 1—star-
collapsible.

Proof. It is enough show to that for any 1-collapsible simplicial complex there is a
vertex v such that X ~ St (v, X) <% 0. Indeed due to Corollary 4.1 we have that
C (X [V —{v}]) <1 and then we can apply the claim repeatedly on X [V — {v}].

We prove a bit more. We prove that any vertex that is free in X can be the vertex
we are looking for. We argue it by induction on the size of the vertex set |V| of the
simplicial complex X. For |V| = 1, it is immediate since it is a single vertex. Now let
X be simplicial complex with |V| = n vertices. If X = A,, we are done since any vertex
v € V is free and for each St (v, X) = A, = X. Assume that X is not a simplex. Pick a
free vertex v € V, by Lemma 4.5.1 we have two free vertices u,w € V with {u,w} ¢ X.
Either u or w is not in the star of v, since v is free (which implies that St (v, X) = Ag).
Assume without loss of generality that u ¢ St (v, X), and denote X,, := X [V — {u}],
the simplicial complex after the collapse of u. Since V (X,) = n — 1 and v is still a
free vertex with its star in X, by the induction assumption there is X, % St (v, X) .

Combining the 1—collapses we get
X % X, ~» St (v, X)

50



This lemma gives us that Proposition 4.3.2 is true for 1—collapsible complexes.
For 1—collapsible we can do a bit more. The first thing that we want to show is that

a 1—collapsible complex does not “feel” elementary 2—collapse:

Lemma 4.5.3. Let X be a 1-collapsible simplicial complex, and o € X (1) a free face
with a mazximal face 7. Then the simplicial complex obtained by collapsing o, i.e.
X ﬂ Y, is still 1-collapsible.
Proof. We argue the lemma by induction on the size of |V|. For |V| = 2 the only
complex for which the conditions of the lemma apply is Ay. It has only one o €
X (1) and collapsing it gives us the complex containing two disconnected points and is
therefore 1-collapsible.

Denote the vertices set by V := [n]. If X = A,,_1 and o = {i,j} then Y’s facet
are {[n] — {i},[n] — {j}} hence the vertices i and j are free. Collapsing both of them

would give us
Y M Y [V - {i}] M YV —{ij} =Ans,

hence Y is still 1—collapsible.

If X # A,_1 then by Lemma 4.5.1 there are two free vertices v,u € V for which
{v,u} ¢ X. In particular, at least one of them is not in 7. We can assume without loss
of generality that u ¢ 7. Denote u’s unique facet by 7, which is also not contained in

7. Therefore n € Y and u is free in Y. By taking the following elementary 1—collapses:

bl
y Hubnl

—= X =XV - {u}]
R el

According to Corollary 4.1 C (X ) < 1. Note that ¢ is still free in X with the unique

facet 7 € X and hence X ﬂ Y is a 2—collapse. Therefore by induction Y is
1—collapsible and since Y M Y Y is also 1—collapsible. |

Using this lemma we get:

Proposition 4.5.4. Let X be a simplicial complex with the vertices V.. X is 1-
collapsible if and only if there is a 2-collapse Ay 2 X,

Proof. Denote |V| = n. First since C (X) = 1, we get from Lemma 4.5.2 that X is also
1—star-collapsible and from Lemma 4.3.2, we conclude that A,_1 2 X.

On the other hand assume that there is a 2—collapse:

Apoy 20y foml o ety —

We will show that X is 1—collapsible. Since A,,_; is 1—collapsible, by Lemma 4.5.3 Y;
is also 1—collapsible. Assume that Yj_1 is 1—collapsible. Therefore by Lemma 4.5.3,
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we get that Yy is also 1—collapsible. Finally it is true for all ¢ € [m], since X =Y, we
obtain that X is also 1—collapsible. |
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Chapter 5

Consistent Measures &

Extensions

5.1 Intoduction

In this chapter we show a nice application of 1—collapsibility, which was given by
Vorob’ev in [Vor62]. In his work the concept of 1—collapsibility did not exist yet, so
the following is a retelling of his ideas.

Let X be an arbitrary set, and & be a family of g-algebras on X. For each B € A,
let pup be a probability measure on the measurable space (X,B). We denote this
family of measures by pg. The measures ug,, pp, € pgz will be called consistent if
VA € By N Ba, pp, (A) = ps, (A). We call the family pg consistent if every two
measures are consistent. Given a family of sets F denote by o (F) the o—algebra
generated by the family F. We call a consistent family ug extendable if there exists a
measure 4 on the measurable space (X, 0 (Ugeg B)) such that the U is a consistent
family.

Let X be a simplicial complex on the vertex set V. For each v € V let S, be a
finite set, and B, a o—algebra on S, so that (S,,B,) is a measurable space. Denote

S = [lyev Sv- For any 7 C V' we define a measurable space (S, B;) where

BT:{AX I1 s : A60<H8v>}.

veEV\T veET

Finally, denote by xr a measure on the measurable space (S, B;). A family {yu,} o is
extendable if there exists a consistent measure p on (S, By).

We are interested in the question: Whether any consistent family {p-}, .y on a
simplicial complex X is extendable. This question was raised by Vorob’ev in [Vor62],
where he found that :

Theorem 5.1 (Vorob’ev [Vor62]). A simplicial complex X is 1— collapsible if and only

if any consistent family of measures {jr}, cx on X is extendable.
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We aim to give a proof for Theorem 5.1 using the concept of 1—collapsibility, and to
extend it. We denote by £ the family of simplicial complexes for which every consistent
family of measures is extendable.

First, we give two examples of families of simplicial complexes which are not in £.

Ezample 5.1.1. For n > 3 let Z, be the simplicial complex on vertices [n] with faces:

Zn={{1,2} ,{2,3} ... {n — 1,0}, {n,1}}.

Set the probability space for each vertex v € [n] to be S, = {0,1}, and set the o-algebra
B, = 25. We split the discussion into two cases according to the parity of n.

Let n be odd. Denote Z,’s faces by o; := {i,i + 1( mod n)} for any ¢ € [n]. Set
the probability measure p,, to be:

oy (S50 % (0,1) x S2771) = g, (S50 ¢ (1,0) x Sp771) = 0.5.

This is a consistent family of measures. Assume for contradiction that the family is
extendable. Then there exists a probability measure p on (S, By) which is consistent

with the given family of measures. Therefore Vi € [n]

i (S5 % (0,0) x S = (S (1,1) x ST =0,
since it is consistent with ji,,, and:
oy (ST (0,1) x S2771) gy (ST (1,0) x Sp7Y) = 1.

We get that u(z) = 0 for any = € S containg two consecutive 0’s or 1’s. But since n is
odd every x contains either two consecutive 0’s or 1’s. Therefore we get a contradiction
to our assumption, and Z, ¢ £ for any odd n.

Let n be even. For all i € [n — 1] we set the probability measures:
o, (S0 % (0,1) % SE7Y) = g, (71 ¢ (1,0) x S271) =05,

and
How ({0} X S372 X {0}) = oy, ({1} x S22 x {1}) = 0.5.

Again, this is a consistent family of measures, and we assume for contradiction that u

is its extension. Note that for any i € [n — 1],
i (S5 % (0,0) x S = (8571 x (1,1) x Sp7) =0,

But since in the series ({0} x S7~2 x {0}) there are at least two consecutive 1’s or 0’s

we have:

o ({03 % S372 % {0}) = p ({0} x Sp72 x {0}) =0,
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We get a contradiction to our assumption, since i, ({0} x S?72 x {0}) # 0. Therefore
Zy ¢ & for any n € N.

Ezample 5.1.2. In [Vor62] the author shows that 0A,, ¢ £ for any n > 3.

5.2 Proof of Vorob’ev’s Theorem

First, we show an equivalent version of Corollary 4.1 for simplicial complexes in &:
Lemma 5.2.1. Let X € &€ have the vertex set V.. Then X [A] € € for any AC V.

Proof. We first show the lemma for A = V\ {u} for any u € V. Let {ur} cx(4 be a
consistent family of measures on X [A]. For any vertex v € A, denote by S, the set
associated to it, and by B, its c—algebra. We now construct a consistent family for
X. For any v € A, let the associated measurable space be (S’U,BU) be (S,B,) and for
{u} set S, = {u} and B, = 2%. Now for any 7 € X [A] and any B € B, note that
B = Bx S, for some B € B;, and set v, (B) := ur (B). For any face 7 € X containing

the vertex u, we define the measure to be:

BEBTZ{BXSUX H 5’1, : BEBT_{u}},
veVA\T

vr(B) = vr(B x Sy) = pir—{uy (B)

One can verify that the family {v} .y is a consistent family of probability measures on
X. By assumption it can be extended to some measure vx to it. We define a measure

px(a) on (S,Ba) by setting for any B € Ba:

pxia (B) = vx (B x Sy).

For any 7 € X [A], we get that u, and px[a] are consistent, since we get that for any
BeB;:
pr(B) = v (B x Sy) = vx (B x Sy) = pxia (B).

Therefore jux(4) is consistent with the family {4, }, oy on X [A] and hence X [A] € €.

Let A = {v;};"; C V, and denote by X; := X [V - {vi}gzl} for j € [n]. From
what we showed above, if X; € £ then so does X1 1. Therefore by using the argument
repeatedly we get that X [A] = X, € £. [ |

Using the previous lemma we can now show the first side of Theorem 5.1:
Proposition 5.2.2 (Vorob’ev [Vor62]). If X ¢ C' then X ¢ £.

Proof. Recall that by Proposition 3.3.1 X € C! if and only if it is a clique complex of
a chordal graph. So, if X is not 1—collapsible it has one of the following properties:
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Case 1 X = X', where X’ is a clique complex of graph G which is not chordal :

If G is not chordal it has a cycle C), of length n > 3 with no chord between any two
of its vertices. Using Lemma 5.2.1 we get that if X’ is in £ then X'[C,,] is in €. But
since X' [Cy] & Z,, is the simplicial complex from Example 5.1.1, which we know is not
in &, we get that X' ¢ &.

Case 2 X is not isomorphic to a clique complex:

Like in Lemma 3.3.3 we can find A C V with [A| > 3, for which X [A] = 0A|4_;.
By Example 5.1.2 we know that 0A 4 ¢ &, and using Lemma 5.2.1 we get that X [A]

is also not in £.

Combining Cases 1 and 2, we get that X ¢ £. |

Let Y be a subcomplex of X with a consistent family of measures {fir},..y. We say
that the family {u,} oy is extendable to X if there exist a consistent family of measures
{vr},cx, such that p,; = v, for any 7 € Y. Using this definition, the consistent family

of measures {ir} .y on X is extendable if and only if it is extendable to A}y _;.

[0:7]

Lemma 5.2.3. Let X be a simplicial complex with the vertex set V', and let X ——=Y
be an elementary 2—collapse. Then any consistent family of measures on'Y is extendable
to X.

Proof. Let {pus} fey be a consistent family of probability measures on Y. We want to
define a family of probability measures {vy} . on X that extends {4} ;). To define
the family {vs} fex On X it would be enough to define the probability measure v, on
(S, B;):

Denote the following faces of X, o = {v,u} for v,u € V, 7, = 7 — {i} for i € o, and
C = 71\o. For any face f € X denote 2% = xy X Sy\y where xy € Sy :=[[;c; Si . To
define a measure on (5, B;), it is enough to define it on the atoms z* for any =, € S;,
as the space in finite. Note that 7,,7, € Y and x, := (x{v}, Ty}, xc). We define the

measure vy for any x% € By to be:

po ((Su,Sv,zc)™)
0 else

{ MTU((mv7su7$0)*)u7-u((Sv’xuvxc)*) MC ((S’U,7 SU7 wC’)*) # O

v; is a probability measure since (for brevity we drop the * notation):
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Z Vr (-TT) = Z K, (wmsu’xc) Hry (Sval"mng)

€S €S e (SU’ Su’ l’c)

_ Z Z Z Hr, (Z'U, Su,fUC') Hry (Sv,l’u,l'c)

JCCESC Ty ESy TuESu MC (Sv’ Su, :UC)

> .t [ > pr, (@0, Sus ) ( > i, (Sv,fcu,ﬂfc))]

ICGSC 'LLC (SU7 S'u,7 :EC) xvesv CCuESu

1
= —— o b (Su, Su, 2¢) i, (Sv, Su, )] = (*)
I;C mc (SU7SU71'C) v v
Since pr, and p,, are consistent with puc we can conclude that:

B (pc (Sv, Su,z0))*
()= 2 pe (Sv, Sus xc) =1

ro€ESc

Now we use v, to define a family of measures on X. Again, to define the measure
on (S,By) for f € X it is enough to define it on the atoms z% for any zy € Sy. Hence
for any % € By we define the probabilities:

*)'_ ,uf(a:;) fEXﬂY.
vy (x?) f €lo, 7]

For any f € Y we have vy = py. Hence all that is left to show is that the family

{Vf}feX is consistent.

Given two faces fi,f» € X, if fi N fo = 0 then By, N By, = {S,0}. Since
vy (S) = 1 = vy, (5), the measures are consistent. Thus from now on we assume
that f1 N fo # (. Denote n := f1 N fy and split the remainder of the proof into 3 cases:

Case 1 fi, fo € X NY : Since vy, is equal to puy, for ¢ € [2] and py, is consistent

with py,, vy, is consistent with vy,.

Case 2 f1, fo € [0, 7] : Notice that By, N By, = B, and hence it is enough to show

that pp, and s, agree on any atoms zj for z; € Sy. This is true since:

v, (23) = ve (2) = vp, (25) -

Case 3 f) € [0,7], fo € Y: Since 7 ¢ Y we know that n C 7, or n C 7,,. Assume
without loss of generality that n C 7,. Then nN 7, C C (=7, N7y,), and since p,, is
consistent with pc and :cfli{v} € Be for any x,_1,) € S,_{,), We get:

Moy, ((S’IM Su, xn—{v})*> = pC ((Sm Smmn—{v})*) .
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Thus for any z, € S, we get:

o (5) = o () = 2o C e (S )

! 1276} ((SU7SU7Z"I77{’U})*)

_ b (x;) e ((Sv,Su,.’L'n_{v})*) B o
- e ((Su, Su,xn_{v})*) = Hry (xn) = (%).

Since 17, and vy, are consistent on B;, from Case 2 and the defenitino of vy, , we get:

v (w7) = () = i, (23) = v (7).

We get that the family {//} fex is consistent, which finishes the proof. [

Using the previous lemma we get that:

Proposition 5.2.4. Let XY be simplicial complezes. If X 2 Y, then any consistent

family of measures on Y is extendable to X.

Proof. Denote the given 2—collapse by:

X = x, e x, leml oy leenmad ey

From Lemma 5.2.3 we get that any consistent family on X; is extendable to X;_1 for
any i € [t]. Therefore one step at a time we can extend every consistent family on YV
to X. [ ]

Now using results from the previous chapters we can prove the Vorob’ev’s theorem:

Proof of Theorem 5.1. If X € C' then according to Proposition 4.5.4 there is a 2—collapse
Ay 2 X, By Proposition 5.2.4 any family of consistent measures on X is extend-
able to Ajy_; and hence X € £. On the other hand if X ¢ C', then by Proposition
5.2.2 X ¢ £. So we conclude that C! = &. [
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Chapter 6
Concluding Remarks

This thesis studied various aspects of d—collapsibility of simplicial complexes. Our

results give rise to a number of additional questions, and conjectures. In particular:

1. In Theorem4.2 we have shown that for any complexes X,Y it holds that
C(XnYy)<Cc(X)+C(Y).
We also obtained an analogues result for unions, i.e
C(XUY)<C(X)+C(Y)+1, (6.1)
provided that X is C (X) —star-collapsible.
It would be interesting to establish inequality (6.1) in its full generality.

2. One possible direction for proving inequality (6.1) would be to show the following:

Conjecture 6.0.1. Let X be a simplicial complex with the vertices set V. If X is
d+1

d—collapsible, than there is a (d + 1)-collapse Ay _; ~~ X.
We have verified the conjecture when X is d—star-collapsible. Hence it would be
enough to show that any d—collapsible simplicial complex is d—star-collapsible

simplicial complex.

3. In [MKO7] Meshulam and Kalai, show more than just a bound on the Leray
number of a union and intersection of simplicial complex:
Let X be a simplicial complex with the vertex set V. Suppose V =L, V; is a
partition of V' such that the induced subcomplexes X[V;] are all 0—dimensional.
Let 7 denote the projection of X into the (m — 1)—simplex with the vertex set

[m] given by w(v) =i if v e V.

Theorem 6.1 ([MKO07] ). For the complex X, as above, denote by
r= max{‘ﬂ'_l (71'(0))’ 1o € X},
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then
L(m(X)) <rL(X)+r—1. (6.2)

We conjecture a similar inequality holds for d—collapsibility i.e.
Conjecture 6.0.2. For any complex X, as above, denote by
r= max{‘wfl (71'(0))’ 1o € X} ,

then
Cr(X))=rC(X)+r—1.

This theorem generalizes inequality (6.1) since a union is just the case where for
each i € [n], |V;| < 2.

. In proposition 4.2.3 we have shown that C (X *Y) < C(X) + C(Y). It would be

interesting to decide whether an equality always holds.
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